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Abstract. In [22], we introduced absolute gradings on the three-manifold invariants 
developed in [21] and [20]. Coupled with the surgery long exact sequences, we obtain a 
number of three- and four-dimensional applications of this absolute grading including 
strengthenings of the "complexity bounds" derived in [20] , restrictions on knots whose 
surgeries give rise to lens spaces, and calculations of HF~^ for a variety of three- 
, manifolds. Moreover, we show how the structure of HF~^ constrains the exoticness 

^0 ' of definite intersection forms for smooth four-manifolds which bound a given three- 

(-^ , manifold. In addition to these new applications, the techniques also provide alternate 

' proofs of Donaldson's diagonalizability theorem and the Thom conjecture for CP^ 



CN ■ 1. Introduction 

>: 

O . In [21] and [20], we introduced Floer- homology invariants {HF, HF , and HF°°) for 

oriented three- manifolds equipped with Spin'^ structures. In [20], we derived a number 
of exact sequences relating HF~^ (and also HF) for three-manifolds which differ by surg- 
eries. In [22], we introduced the corresponding four-dimensional theory, where cobor- 
O ' disms W between three- manifolds induce maps F, F^, F°° between the corresponding 

r-| ■ Floer homology theories on the boundaries. One by-product of this four-dimensional 

^ ', theory is an absolute rational lift to the relative Z grading on the homology groups for 

a three-manifold Y endowed with a torsion Spin'^ structure (i.e. one whose first Chern 
class is a torsion element of H^{Y; Z)). 

The present article presents a number of three- and four-dimensional applications of 
the interplay between the absolute gradings and the surgery exact sequences. 



1.1. The correction term d{Y). After two introductory sections (Section 2 where we 
review some of the terminology from the earlier articles, and Section 3, where we pin 
down the relationship between the absolute gradings and the exact sequence), we give 
the first application of the absolute gradings: a "correction term" for three-manifolds. 
For simplicity, we presently assume that F is a rational homology three-sphere, equipped 
with a Spin^ structure t. With the help of the absolute grading, we define a numerical 
invariant d{Y, t) for Y, which is the minimal degree of any non-torsion class in HF~^{Y, t) 
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coming from HF°°(Y,t). This invariant is analogous to a gauge-theoretic invariant of 

Fr0yshov (see [12]). 

The basic properties of d are conveniently stated with the help of a result which we 
state after introducing some terminology. 

Definition 1.1. The three-dimensional Spin'^ homology bordism group 0^ is the set of 
equivalence classes of pairs (Y, t) where Y is a rational homology three-sphere, and t 

is a Spin'^ structure over Y , and the equivalence relation identifies (li,ti) ~ (^2,^-2) if 
there is a (connected, oriented, smooth) cobordism W from Yi to Y2 with Hi{W, Q) = 
for i = 1 and 2, which can be endowed with a Spin'^ structure 5 whose restrictions 
to Yi and Y2 are ti and t2 respectively. The connected sum operation endows this set 
with the structure of an Abelian group (whose unit is endowed with its unique Spin"^ 
structure). 

There is a classical homomorphism 

(see for instance [1]), defined as follows. Consider a rational homology three-sphere 
(y, t) , and let X be any four- manifold equipped with a Spin"^ structure s with dX = Y 
and $\dX^t. Then 

p(r,t)^^iMi^^^ (mod2Z) 

where sgn(X) denotes the signature of the intersection form of X. 

Theorem 1.2. The numerical invariant d{Y,t) descends to give a group homomor- 
phism 

d: r — 

which is a lift of p. Moreover, d is invariant under conjugation; i.e. d{Y,t) — d{Y,t). 

Additivity of the correction term under connected sums, and its behaviour under 
orientation reversal, is established Section 4. Its rational homology cobordism invariance 
is established only after more of the four-dimensional theory is developed in Section 9. 
When bi{Y) > 0, torsion Spin'^ structures can be endowed with a collection of correction 
terms. In Subsection 4.2, we discuss this construction in the case where Hi(Y; Z) = Z. 

1.2. Regularized Euler characteristics. When Y is an integral homology three- 
sphere, ifF+(y) is infinitely generated. (We drop the Spin*^ structure from the notation, 
since it is unique.) To obtain a finitely generated group, we must pass to the quotient 

HF+JY)^HF+(Y)/HF^{Y). 

We have the following relationship between the Euler characteristic of HFj^^{Y), the 
correction term for Y, and Casson's invariant X{Y), 
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Theorem 1.3. Let Y be an integer homology three-sphere. Then, the following rela- 
tionship holds between Casson's invariant, the Euler characteristic of HF^ (thought of 
as a Z-module), and the correction term: 

X{Y)^x{HF;jY))-^-d{Y), 

where here Casson's invariant is normalized so that, if E(2, 3, 5) denotes the Poincare 
homology sphere, oriented as the boundary of the negative-definite E8 plumbing, then 
A(E(2,3,5)) = -1. 

1.3. Invisible three-manifolds. When Y is an integer homology three-sphere, we 

define its complexity N{Y) to be the rank of HF^cdiy)- Let K G Y he a knot in Y, 
r be a rational number, and let Yr{K) be the integer homology three-sphere obtained 
by r surgery on Y along K. In Theorem 1.8 of [20], we gave lower bounds on the 
sum of complexities of Y and Yifn{K) (where n is a whole number), in terms of the 
Alexander polynomial of K. Using d{Y) in conjunction with N(Y), these bounds can 
be strengthened, according to the following: 

Theorem 1.4. Let Y be an integral homology three-sphere and K <zY be a knot, whose 
symmetrized Alexander polynomial is 

d 

Ak{T) = ao{K) + J2 • (T' + T-'), 

i=l 

then for each positive integer n, there is a bound 

r^ [\t,{K)\ + 2 f: IWl^ < N{Y) + ^ + N{Y,/^{K)) - ^J^^lAM^ 

where 

d 

(1) t,{K) = J2j<^m+AK). 

An integral homology three-sphere Y for which both N{Y) = = d{Y) is called 
invisible, since these invariants do not distinguish it from S^. Of course (in view of 
Theorem 1.3), all invisible homology three-spheres have X{Y) = 0. We prove in Section 6 
that the set of invisible three- manifolds Y is closed under connected sum and orientation 
reversal. 

Theorem 1.4 has the following immediate consequence: 

Corollary 1.5. If K gY is a knot with non-trivial Alexander polynomial in an invis- 
ible three-manifold, then any non-trivial surgery on K gives a three-manifold which is 
not invisible. 
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1.4. Surgeries giving lens spaces. The graded Floer homologies can also be used to 
place restrictions on knots K <Z whose surgeries give lens spaces. For example, we 
have the following: 

Theorem 1.6. If K G is a knot with the property that some integral surgery along 
K with integral coefficient p with |p| < 4 gives a lens space, then HF^{Yq{K)) = 
HF^{S^ X S^). In particular, the Alexander polynomial of K is trivial. 

Remcirk 1.7. The "cyclic surgery theorem" of Culler-Gordon-Luecke-Shalen [5] en- 
sures that if K is not a torus knot, and some surgery along K gives a lens space, then 
that surgery is integral. It is conjectured in [14] that the trivial knot is the only knot K 
with the property that some surgery on K gives a lens space L{p, 1) with \p\ < 4. 

A +5-surgery on the right-handed trefoil gives the lens space —L{5, 1), so care must 
be taken in generalizing Theorem 1.6. The following result holds for general p: 

Theorem 1.8. Suppose that K <Z is a knot with the property that -\-p surgery on 
K gives the lens space L{p, 1) (with its canonical orientation). Then, HF°°{Sq{K)) = 
HF°°{S^ X S^) as absolutely graded groups; in particular, the Alexander polynomial of 
K is trivial. 

In fact, Gordon has conjectured (see [13]) that if +p surgery on a knot K G gives 
L{p, 1), then K is the unknot. Moreover, Berge [3] has conjectured a complete list of 
knots which give rise to lens spaces. 

Theorems 1.6 and 1.8 are proved in Section 7, where they are given as a corollaries 
to a theorem. Theorem 7.2, which, for any fixed p and q, gives strong restrictions on 
knots K C for which -\-p surgery gives the lens space L{p,q). Specifically, if K is 
such a knot, the theorem shows how HF~^ of the zero-surgery (and hence the Alexander 
polynomial of the knot) is determined, up to a finite indeterminacy, by the correction 
terms for L(p, q). The indeterminacy comes from certain allowed permutations of these 
correction terms. The terms themselves are calculated in Proposition 4.8 (see [24] for 
a more conceptual interpretation of these numbers). For another illustration of these 
constraints, wc tabulate at the end of this paper (c.f Subsection 10.3) the possible 
Alexander polynomials of knots in for which some positive integral surgery p < 26 
gives a lens space. 

Turned around. Theorem 7.2 also gives obstructions to realizing lens spaces as integral 
surgeries on a knot in the three-sphere. For example, these techniques show that the 
lens space L(22,3) - and indeed, any lens spaces in the family L(2A;(3 -|- 8k), 2k + 1) 
where k is any positive integer not divisible by 4 - is not obtained by integral surgery 
on a single knot K C S^. This obstruction is "S'^-spccific" . An argument of Fintushel 
and Stern gives a necessary and sufficient condition for L{p, q) to be realized as integral 
surgery on a knot in a homology sphere: the condition is that ±g be a square modulo p, 
a condition which all the lens spaces in this family satisfy. (This application is described 
in Proposition 7.9.) 
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1.5. Some calculations. We give several calculations of N{Y) and d{Y), including 
calculations of both invariants for integer homology spheres obtained as surgeries on the 
(p, q) torus knot. Indeed, we calculate all of HF^ for the Brieskorn spheres S(2, 3, 6n± 
1). Moreover, we calculate HF^{En) where is the three-manifold obtained by 1/n 
surgery with n > on the figure eight knot in (c.f. Proposition 8.3): 

{Z if A; = (mod 2) and A; > 
Z'* if A; = -1 
otherwise 

We also give the following simple calculation for the invariants of T^: 

Proposition 1.9. LetT^ denote the three-dimensional torus. Then, we have Hi{T^; %)- 
module isomorphisms: 

HF+{T^) ^ (^H'^{T'^-'L)®H^{T^-Z)^®zZ[U-\ 
HF^{T^) ^ [h'^{T^; Z) H^{T^] Z)) ®z Z[C/, U-\ 

The absolute grading is symmetric, in the sense that gr(i7^(T^;Z) C HF(T^)) = 1/2, 
gi{H^{T^]Z) C HF{T^)) = -1/2. 

Further calculations are given for surgeries on certain pretzel knots, via surgery long 
exact sequences which mirror the skein relations for calculating Alexander polynomials. 

1.6. Intersection forms of definite four- manifolds. By analyzing the maps Fy^^ 
for negative-definite cobordisms, we give an alternative proof of Donaldson's diagonal- 
izability theorem: 

Theorem 1.10. (Donaldson) If X is a smooth, closed, oriented four-manifold with 
definite intersection form, then the form of X is diagonalizable over Z. 

Indeed, applying the same idea to four-manifolds which bound a given integer homol- 
ogy three-sphere Y, we obtain the following analogue of a theorem of Fr0yshov. 

Let Y be an integral homology three-sphere, and X be a four-manifold which bounds 
Y. There is an intersection form 

Qx : {H2{X; Z)/Tors) ® {H2{X; Z)/Tors) ^ Z. 

A characteristic vector for this intersection form is an element ^ e H2{X] Z)/Tors with 

^ ■ V = V ■ V (mod 2) 

for each v e H2{X; Z)/Tors. (We write ^ ■ r] for Qx{^, v), and for Qx{^, 0-) 
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Theorem 1.11. Let Y be an integral homology three-sphere, then for each negative- 
definite four-manifold X which bounds Y , we have the inequality: 

e + MH\X;Z))<Ad{Y), 

for each characteristic vector ^. 

This theorem has an obvious generahzation to rational homology three-spheres, and, 
indeed, generalizations for three-manifolds with hiiY) > discussed in Section 9.3. 
When Hi{Y;Z) = Z, the inequality can be used as obstruction to realizing Y as the 
boundary of an integral homology S'^ x D'^. Moreover, when apphed to certain circle 
bundles over two-manifolds, the intersection form bounds provide another proof of the 
Thom conjecture for CP^ first proved by Kronhcimcr-Mrowka [16] and Morgan-Szabo- 
Taubes [19], c.f. Subsection 9.4. The proof given here is analogous to a Seiberg-Witten 
proof given recently by Strle, see [25] . 

In Section 10, we close with some other applications of the intersection form bounds, 
as combined with the calculations from Section 8. Specifically, we show how the re- 
sults constrain the intersection forms of four-manifolds which bound certain Seifert 
fibered spaces. In particular, in Subsection 10.2, we exhibit a three-manifold whose 
first homology is isomorphic to Z and which can be expressed as surgery on a certain 
two-component link in S^, but which cannot be expressed as surgery on a single knot. 
Finally, we close with a table of allowed Alexander polynomials of knots giving rise to 
(small) lens spaces. 

Acknowledgements: It is our pleasure to thank Cameron Gordon, Robion Kirby, 
Tomasz Mrowka, and Andras Stipsicz for their encouragement during the preparation 
of this work. We would especially like to thank Cameron Gordon for some very useful 
suggestions on an early version of this paper. 
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2. FLOER HOMOLOGIES AND MAPS BETWEEN THEM 

In [22], we showed how the constructions from [21] and [20] can give rise to a nat- 
urally associated assignment which associates to a three-manifold Y equipped with a 
Spin"^ structure t, four relatively Z/ci(t) U H^{Y; Z)Z-graded Abehan groups HF, HF~^, 
HF~, and HF°°, the latter three of which are also endowed with the action by a poly- 
nomial algebra Z[C/], where multiphcation by U lowers relative degree by 2. All four 
groups are acted upon by the exterior algebra A*Hi{Y; Z)/Tors. 

In fact, these groups are related by functorially associated long exact sequences: 

(2) ... > HF{Y,t) HF+{Y,t) — ^ HF+{Y,t) > ... 

and 

(3) ... , HF-{Y,t) HF^{Y,t) HF+{Y,i) > ... 

The second long exact sequence (which we use more often) will frequently be abbreviated 
HF°{Y,t). Note that maps in the first sequence are equivariant under the action of 
A*(y)/Tors, while those for the second are equivariant under the action of Z[C/] 
A* (y) /Tors. 

When is a (smooth) cobordism from a three-manifold Yi to Y2, equipped with 
a Spin'^ structure s whose restrictions to the two boundary components are ti and t2 
respectively, then there are induced maps between the long exact sequences: 

... > HF-{Y,,t,) i7F-(yi,ti) HF+{Y,,t,) > ... 

... > HF-{Y2,t2) HF°°{Y2,t2) HF+{Y2,t2) > ... 



and 



HF{Yi,ti) i7F+(Fi,ti) HF+{Yi,ti) 



... > HF{Y2,t2) HF+{Y2,t2) — ^ HF+{Y2,t2) > ... 

The maps Fw,s, F^^, and are uniquely defined up to multiplication by an overall 
sign ±1. 

These maps also admit an action by A*Hi[W)/Tots. This action is related to the 
analogous actions over the three-manifolds, according to the following formula. Fix 
arbitrary elements 7^ e Hi{Yi)/ToT8 for i — 1,2, and let 7 G Hi{W)/Tots be the 
homology class obtained as 7 = J 1(71) — ^2(72), where for i = 1,2, jj denotes the 
natural inclusion ji: Hi{Yi) — )• Hi{X). Then, 

±(7 «) FwM) = FwAli • - 72 • FwAO- 



8 



PETER OZSVATH AND ZOLTAN SZABO 



In particular, if 71 and 72 are homologous in W, then 

Suppose now that Y is equipped with a torsion Spin'^ structure. In Theorem 7.1 
of [22], we showed that HF°{Y, t), and also HF(Y, t) can be given an absolute Q grading 
gr which lifts the relative Z grading. It is uniquely characterized by the following 
properties: 

• T, L, and TT above preserve the absolute grading 

• HF{S^) is supported in absolute grading zero 

• if 14^ is a cobordism from Yi to Y2, and ^ e HF°°{Yi, ti), then 

(4) S.y,..K))-grK) = --W^-^>^7-^-('^' . 

where tj = slFj for i = 1, 2. 

The existence and characterization of this absolute grading is the key result we use here 
from [22]. 
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3. Exact sequences and absolute gradings 

Recall that in [20], surgery long exact sequences for ifF+ and HF were established. 

We give now a graded refinement, focusing mainly on the case of HF^ . The key point 
is the relationship between the maps in the long exact sequences and the maps induced 
by the cobordisms obtained by surgeries on knots. 

More concretely, recall that when X is a knot in an integral homology three-sphere. 
Theorem 10.1 of [20] gives a long exact sequence 

... > HF+{Y) HF+{Yo) HF+{Yi) HF+{Y) ^ 

where Yq — Yq[K) and Yi = Yi[K) are the three-manifolds obtained by 0-surgery and 
-|-l-surgery on Y along K (using its canonical framing). Here, 

HF+{Y,)= //F+(yo,t). 
teSpin'=(yo) 

The maps Fx and F2 were defined by counting pseudo-holomorphic triangles in a Hee- 
gaard triple. An easy comparison between the definition of the maps in [20] and the 
maps associated to two-handles (Subsection 4.1 of [21]) shows that Fi and F2 are sums 
of maps associated to cobordisms; i.e. 

-^1 = ±Fwo,s-, and F2 = ±-PWi,s, 

where Wq is the cobordism from Y to Yq defined by attaching a single two-handle to Y 
(with 0- framing) , and Wi is the cobordism from Yq to Yi defined by attaching a single 
two-handle to Yq. (The signs are chosen as in the proof of Theorem 10.1 of [20] to make 
the sequence exact.) Observe that Spin*^ structures on both Wq and Wi are uniquely 
determined by their restrictions to Yq. 

Note that the map F3 arises as the coboundary map of an associated long exact 
sequence, though one could alternatively realize it, too, as a sum of maps belonging to 
cobordisms (compare [4]). However, for our present purposes, it suffices to understand 
properties of the maps Fi and F2. 

Lemma 3.1. Let K G Y be a knot in an integral homology three-sphere, and let to 
denote the Spin*^ structure over Yq with trivial first Chern class. In the exact sequence 

... > HF+{Y) HF+{Yo) HF+{Yi) HF+{Y) > 

the component of Fi mapping into HF^{YQ,iQ) (now thought of as absolutely Q-graded) 
has degree —1/2, the restriction of F2 to i?F+(y^,to) has degree —1/2. 

Proof. In view of the above remarks, the component of Fi landing in the HF~^[Yq, to) 
summand is the map induced by the cobordism Wq, endowed with the Spin'^ structure 
So with trivial first Chern class. This cobordism is obtained by a single one-handle 
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addition (so its % = 0), and its signature o" = 0. Thus, by Equation (4), the result 
follows. The map F2 is also obtained by a single two-handle addition, with signature 



Remcirk 3.2. Note that the above discussion could have been made using HF in place 
of HF^, with only notational changes. 

When Y is an integral homology three-sphere, we can compare the absolute grading 
of HF°{Y) as defined in Section 7 of [22] with the absolute Z/2Z grading as defined 



Observe first that for an integral homology three-sphere, the absolute grading of 
Section 7 of [22] is actually a Z lift (rather than a Q lift) of the usual relative grading. 
To see this, let be a a cobordism containing only two-handles from to Y (used in 
the definition of the absolute grading), and observe that 



(where sgniW) is the signature of the intersection form of W) which is integral since 
Ci(s) is a characteristic vector for the definite, unimodular form H'^(W]'L). 

Next, recall that in general HF°{Y, t) comes equipped with an absolute Z/2Z grading, 
defined in Subsection 11.4 of [20]. When Y is an integral homology three-sphere, this 
is the Z/2Z grading characterized by the property that 



(Since there is only one Spin'^ structure in this case, we drop it from the notation.) 

An equivalent (but technically more useful) formulation of this grading follows from 
the calculation of HF°° of an integer homology three-sphere. Theorem 11.1 of [20], 
where it is shown that HF°°{Y) ^ Z[C/, C/-^]. We then define the Z/2Z degree so that 
HF°°{Y) is supported in even degree. 

Proposition 3.3. // Y is an integral homology three-sphere, then the parity of the 
absolute Z grading defined above is the absolute Z/2Z grading defined in [20]. 

Proof. Both gradings (mod 2) agree on F, if and only if they agree on Yi. This is 
easily seen from the long exact sequence connecting HF'^(Y), HF'^(Yo), and ifF+(Yi), 
according to which the composite map from Y to Yi shifts the absolute Z-dcgrcc by — 1 
(modulo two); it also shifts the absolute Z/2Z degree. The result then follows from the 
model case S^, together with fact that every integer homology can be constructed from 
by a sequence of ±1 surgeries. □ 

Another case which will interest us is that of three- manifolds Yq with Hi{Yo] Z) = Z. 
For such a manifold, the absolute Z/2Z grading from [20] is defined so that the image 
of the action by Hi{Yq;Z) on HF°°{Yo) has degree zero modulo 2. 



zero. 



□ 



in [20]. 




(mod Z) 



X{HF{Y)) = 1. 
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Proposition 3.4. Let Yq he a three-manifold with Hi{Yq;7j) = %, and let to be the 
Spin'^ structure with Ci(to) = 0. Then the parity o/gr + | is the absolute Z/2Z grading 
given above. 

Proof. By suigering out the one-dimensional homology, we can fit Yq into a long exact 
sequence for Y, Yq, and Yi, where Y and Yi are integer homology three-spheres. The 
result then follows from the grading in the long exact sequence (Lemma 3.1) together 
with Proposition 3.3 above. □ 

We now turn to the graded refinement of the long exact sequence, after introducing 
some notation. Let y be a closed, oriented three-manifold and a e R, and let Sq be a 
torsion Spin'^ structure. Then, we let 

HF^^{Y3o)GHF+{Y,5o) 

denote the subgroup generated by homogeneous elements ^ with degree gr(^) < a. Let 
% C Spin'^(F) denote the subset of torsion Spin'^ structures, then 

HFW^) = (0 HF^aiy,^o)] © I HF^Y, t) 
\soei / yteSpin'=(y)-i 

We have the following: 

Theorem 3.5. Let K G Y be a knot in an integral homology three-sphere. Then, for 
all sufficiently large n, we have an exact sequence 

... > HFt,^^,{Y) HFt,^^,{Y,) i/F^2n+i(^i) ^ - 

Proof. Observe that KerFi C HF'^(Y) is a finitely generated Z- module, since for 

all sufficently large /c, the So component of Fi carries HF^i^iY) isomomorphically to 
-^-^2^-1/2(^01 -So), and HF2kj^i{Y) = (we are using here the HF°° characterization 
of the Z/2Z grading and Proposition 3.3 to compare it with the absolute Z grading). 
Moreover, this kernel is the image of F3{HF~^(Yi)). It follows that we can find an n 
large enough that 

F,(HF-^(Y^))^F,(HF^,^^,{Y,)). 

Moreover, since 0t^sQ HF^{Yq, t) is finitely generated, we have that F2 maps HF^^n+iO^o) 
into HF^2n+i0^i)^ sufficiently large n. 

The theorem then follows from the Lemma 3.1. □ 
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3.1. More exact sequences: fractional surgeries. There are analogues of the re- 
fined exact sequence (Theorem 3.5) which holds for fractional surgeries, as well. 

Recall that in Theorem 10.14 of [20], we established an exact sequence for fractional 
surgeries of the form 

(5) _ 

... ^ HF+{Y) HF+(Yn;Z/QZ) — ^ HF+{Yyq) — ^ HF+{Y) ^ 

where Y is an integral homology sphere, and q is any real number. In the above sequence, 
HF+{Yo;Z/qZ)= HF+(YoA;Z/qZ) 

teSpm'={Yo) 

is a sum of ifF+-groups twisted by some representation 

Hi{Yo;Z) — > Z/qZ. 

Observe that the to-component of HF ^jYn, Z/qZ) (where, as usual, Ci(to) = 0) can 
be given an absolute Q-grading (inherited from the absolute grading of the untwisted 
group). 

Defining HF^2n+i0^o'' ^/9^) with respect to this grading on the torsion component, 
we have the following truncated exact sequence (analogous to Theorem 3.6): 

Theorem 3.6. Let K G Y be a knot in an integral homology three-sphere. Then, for 
all sufficiently large n, there is an exact sequence 

... > HFt,^^,{Y) HFt,^^,(Yo,Z/qZ) HFt,^^,{Y„,) ... 

The proof of the above theorem is complicated by the fact that in the proof^of the 
fractional surgeries exact sequence (Theorem 10.14 of [20]), the maps F2 and F3 were 
constructed by counting pseudo-holomorphic triangles (and thus they correspond to 
maps of cobordisms), while the map Fi is an induced coboundary map. Thus, our 
aim is to give a construction of Fi by counting pseudo-holomorphic triangles. This 
construction diverges shghtly from the context set up in Subsection 4.1 of [22], but the 
following analogue of Lemma 3.1 still holds (and from this. Theorem 3.6 follows easily): 

Proposition 3.7. Let K <zY he a knot in an integral homology three-sphere. There is 
an exact sequence 

... > HF+{Y) HF+(Y^;ZIqZ) — ^ HF+{Yyg) — ^ HF+{Y) > 

with the property that the component of Fi mapping into HF~^(Yo,io;Z/qZ) has degree 
— 1/2, the restriction of F2 to HF ^jYo, tn; Z/qZ) has degree —1/2. 

To prove the above proposition, we find it convenient to introduce a construction 
closely related to twisted coefficients, and to verify that the associated maps satisfy the 
naturality properties needed to establish exactness for the surgery sequence. We return 
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to the proof of Proposition 3.7 and Theorem 3.6 at the end of the present section, after 
this lengthy digression. 

3.2. Covering spaces. We introduce Floer homology groups associated to covering 
spaces of the symmetric product, and establish enough naturality properties for the 
above applications (Theorem 3.6). 

Fix a two-manifold E. A one-dimensional cohomology class ^ G H^[Tj,Z/n1i) = 
if^(Sym^(S), Z/nZ) describes an n-fold cychc covering space of Sym^(E), which we 
denote by 

n^: s7in'(E)^ ^ Sym^(E). 

We assume that the covering space is connected, which is equivalent to the condition 
that there is a homology class in E whose pairing with ^ is one. Observe that ^ also 
gives an n-fold covering of E, which we denote by E, and there is a branched covering 
space 

Sym^(E) s7m'(E)e. 

Next, fix a Heegaard triple (E, a, /3, z), and let a and /3 be gi-tuples of simple, closed 
curves in E, with the property that the H^ai is homotopic to some multiple of and 
n^/9j is homotopic to some multiple of There are induced tori Tq, and Tj3 inside 
s7in'(E)^. _ 

We can define chain complexes analogous to the CF~, CF°°, CF^, and CF. For 
instance, we can define CF {oc,(3,z) generated by pairs [x, i] where i £ Z and x e 
T„ n f ^ so that s^(n(X)), with 

E E #(M(0))-[y,z-n,(no0)]. 

yeT„nT;3 ^e7r2(x,y) 

Here, of course, 7r2(x, y) denotes the space of homotopy classes of Whitney disks in 

Sym^(E)^ which connect x to y. We can also define its quotient complex CF (a,/3), 
where the integer is required to be non-negative. In fact, for notational simplicity, we 
will focus on this case. 

The verification that these are, in fact, complexes follows by modifying the discussion 
in of [21]. We outhne the main steps. 

First, of course, we must use families of almost-complex structures on the lift Sym (E)^ 
to obtain genericity. 

Next, observe that a Whitney disk in Sym (S)^ has a corresponding domain 1^(0) in 

E, whose boundary lies in the images of the a. and /3. Holomorphic curves in Sym (E)^ 
give rise to branched covers of the disk, which map holomorphically into E, as before. 
The energy bounds of [21] follow directly. 
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Next, since the map from Sym (E)^ to Sym^(E) is a covering space, we see that 
7r2(Sy5i^(E)^) ^ 7r2(Sym^(E)), and also that TSy5i^(E)^ ^ n|rSym^(E). Thus, the 

dimension counts from [21] can be used to show that generic choices of S and f3, two- 
dimensional moduli spaces miss the holomorphic spheres (which could otherwise spoil 
92 = 0). 

For boundary degenerations, observe that our homological hypotheses show that for 
any e 7r2(x, x), T>{(f)) consists of some number of copies of E. 

It then as before that that the only types of boundary degenerations which can occur 
(in the proof that 9^ = 0) are those in the homotopy class + S E /T2(x, x). As 
before, an j-holomorphic representative for this homotopy class is generically injective, 
and hence, spaces of boundary degenerations are smooth for generic perturbations of 
the almost-complex structure induced over Sym (E)^. The total number of these can 
be calculated by degenerating the base E, to see that the signed count is zero. 

Finally, when there are relations between the homology classes in the span of a and 
those of /3, then we need corresponding admissibile hypotheses to show that the sums 
are a priori finite. Weak admissibility in this context, for instance, (which is sufficient 
for the purposes of HF'^) is the requirement that all homologies between the spans of a 
and /3, when projected down to E, always have both positive and negative multiplicities. 

With these remarks in place, then, we have "lifted" a chain complex CF (E, 5, /3, 
and also its corresponding homology group. 

We relate this construction directly to the three-manifolds invariants in two cases. 
Fix a Heegaard triple (E, a, /3, z) for an oriented three-manifold Y, and also a one- 
dimensional cohomology class ^ G H^{Ti]'L). Fix lifts 5 and /3 for a and (3 under the 
map n^. In this case, CF (a, /3) splits into summands indexed by t e Spin'^(y), where 

CF (5, /3, t) is generated by x with ^^(n^x) = t. 

There will be two subcases of particular importance to us. First, suppose that ^ e 

i7"^(E,Z/pZ) satisfies the following two conditions 

• there is an element in the span of the ol whose evaluation on ^ is 1 

• the restriction of ^ to the span of the (3 is trivial. 

In this case, — 11^^ (Tq,), while is one of the n tori which project to 

Proposition 3.8. Fix a one- dimensional cohomology class ^ with the property that the 
induced covering space of Tq, is connected, while the restriction of ^ to the span of the 
(3 is trivial. Then, for any choice of f3 as above, we have a natural identification 

HF^ia,'^,t)^HF+{a,f3,t). 

Proof. According to the assumption, U.J^{Tp) consists of n disjoint tori. Thus, each 
intersection point x e Tq, fl corresponds to a unique intersection point of Tq, with 
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T^. Moreover, if x, y G T^, fl Tg lie over x, y G Tq, n T^, the usual covering space 
theory gives an identification between Whitney disks connected x to y with Whitney 
disks connecting x to y. By using the lift of a family of almost-complex structures over 
Sym^(S), it is easy to see that the boundary maps are identified, as well. 

Thus, the identification takes place actually on the chain complex level. □ 

For the second case, we start again with a pointed Heegaard diagram (S, a, /3, z) 
for y, and a class ^ G H^{T,;Z/nZ), only now we suppose that both covering spaces 
Tq; = n^^(To,) and — U.'^^{Tp) are connected (i.e. there are homology classes in the 
spans of both [cci], [ag] and [Pg] whose pairing with ^ is one). 

Observe that the covering space Sym (E)^ gives rise to an additive map 

A: 7r2(x,y) ^Z/nZ, 

in the following way. For each x G T^^ fl T^, choose some hft Xq G n T^. Next, each 
(f) G 7r2(x, y), has a unique lift starting at Xq. Its other endpoint y (which depends only 
on the homotopy class of 0) lies over y; thus we can define the element A{(f)) G Z/nZ 
to be the element with the property that y = ^4(0) • yo- It is easy to see that this A 
is additive under juxtaposition, hence it is an additive assignment of the kind required 
to define homology with twisted coefficients i?F+(y, 5; Z/nZ). (c.f. Subsection 4.10 
of [20]). 

Proposition 3.9. Let {T,,a,f3,z) be a Heegaard diagram for Y , and fix a class ^ as 
above, with the property that the induced covering spaces for both Tq and Tp are con- 
nected. Then, for the additive assignment defined above, there is a natural identification 

HF+{Y, t; Z/nZ) ^ HF^{T^, f ^; t). 

Proof. We have an identification of Z/nZ-sets: 

f n f ^ ^ {Ta n T^) X Z/nZ. 

Thus, the generators of CF^{Y,t) and CF^(Ta,T^;t) are identified. The boundary 
maps are easily seen to coincide. □ 

Of course, if we move the f3 by an isotopy which does not cross the basepoint, there 
is an induced isotopy amongst the j3, which does not project to the basepoint - hence 
leaving the homology groups unchanged. But we have more freedom to move the f3. 

Proposition 3.10. Suppose that {Ci,...,Cg} ^^^^ curves in E which are simultaneously 
isotopic to /3 via an isotopy which never projects to the basepoint 2; G E, then the isotopy 
induces an identification 
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where the second chain complex is defined using the torus — (^i x ... x Q. 

Proof. We adapt the usual proof of isotopy invariance, noting that the the branched 
covering 

gxff — , Sym5(E) — > S^^(S)^ 

gives us a bound of the energy of holomorphic disks in Sym^(S)^ in terms of the in- 
duced homology class in S^^. This energy remains bounded under dynamical boundary 
conditions, provided that the (3 are moved by an exact Hamiltonian in E. □ 

3.3. The fractional surgeries long exactness. We can now modify the proof of the 
long exact sequence for fractional surgeries (Theorem 10.14 of [20]) to have a better 
understanding of the maps involved. We assume for simplicity that Y is an integer 
homology thrcc-sphcrc, and K G Y is a, knot with the canonical framing, so that in 
particular 5i(Fo) = 1- 

Consider the Hccgaard quadruple (E, a, /3, 7, <5, 2;) as in Section 10.3 of [20]. In par- 
ticular, (E, a., /3, 7, z) is a Heegaard triple subordinate to the knot K (Z Y (with its 
0-framing), (E, a, 7,^,2;) is a Heegaard triple subordinate to a knot in Yq, which in 
turn represents the a canonical cobordism from Yq to ^i/q, while (E, a, 6, f3) represents 
a cobordism from the union of Yi/g and a lens space to Y. 

Let ^ e H^{^', Zi/gZ) be the Poincare dual of (3g. Clearly, ^ evaluates trivially on the 
span of the /3 and d. However, 7^) ~ 1. It follows that there is some element in the 
span of ex. whose pairing with ^ is one. 

Since in i?i(E; Z) we have the relation 

Pg + Q.I9 = ^9^ 
we have the corresponding relation in ifi(E;Z): 

A? + 73 = 
Observe that we have isomorphisms 

i/F^°(3,7) = //F^°(^,y3) ^ HF^%4<^-\S^ X S'')), 

in view of Proposition 3.8, so these first two groups have (up to sign) canonical top- 
dimensional generators which we denote by O^j^-y and 9^^^ respectively. Similarly, we 
have (up to sign) a canonical top dimensional generator Q^ s for 

HF^%^,S) ^ HF^^i^^S^ X S^),Z/qZ) ^ HF^°{#%S^ x S^)). 

(The first isomorphism is an application of Proposition 3.9, and the second is an easy 
calculation.) 
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Define 

Where the first isomorphism is induced from Proposition 3.8, the second isomorphism 
is induced from Proposition 3.9, and the tensor product map is defined by counting 
(zero-dimensional spaces of) pseudo-holomorphic triangles in Sym (E)^. Similarly, we 
define 

F2: HF+(Yo;Z/nZ) ^HF'^{f^,%) HF^ {T^,%) ^ HF+(Yy,) 

Finally, F3 is defined as it is in [20] (where it is simply denoted F3) by 

F3: HF+{Yy,) ^ HF+{T^,Ts) HF+{T^,Tp) ^ HF+{Y). 

We now have the precise statement of the fractional long exact sequence: 

Proposition 3.11. The maps Fi, F2, and F3 defined above fit into a long exact se- 
quence: 

... ^ HF+{Y) HF_+{Yo;Z/qZ) HF+{Yy^) ... 

Proof. Use a pointed Heegaard multi-diagram 

(E,a,/3,7, (5, z) 

as above, so that (q;,/3) describes Y, {(3,'y) describes Yq, (a, 5) describes Yi. Also, 
fix the covering space of Sym (E)^ described above, and lifts a, /3, 7, and d of the 
corresponding curves. 

Observe that there is a smooth isotopy taking jg arbitrarily close to the juxtaposition 
of (3g with 6g, which does not project to the basepoint 2; G S (see Figure 1). We denote 
the induced isotopy of by ^'t and new isotopic 7-torus (^'i(T^)) by T^^. The proof of 
Theorem 10.1 of [20] (using the filtrations when jg is a sufficiently close approximation 
to the juxtaposition of l3g and 5g) then gives a exactness (in the middle) for the maps 

(6) HF\a,^) ^ HF^an') ^ Hf\&,6). 

Here, <8)©/3,y is shorthand for the map 

^ ±/a,/3,7' ® 0/3,7' ' -S) , 

(with an appropriate choice of signs) where, of course, fa,i3,Y counts all holomorphic 

triangles in Sym^(S)j. Also, 6/3,7' ^ 7; ^o) is a generator which was explicitly 

written down in [20]. It has an alternative, more algebraic characterization (up to a 
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sign) as the generator of HF^°{l3,^,So) = HF^^{^9-i(^s'^ x S^),So) with maximal 
(relative) degree. 

We claim that functoriality of the triangle construction in Sym (S)^, together with 
exactness in the middle for Exact Sequence (6), gives exactness in the middle for: 

Observe that the maps here correspond to the maps Fi and F2 from the statement of 
the proposition. 




Y 







z _ 

• ^^^^ 





Figure 1. Isotopy of 7 We illustrate the isotopy of 7 for the 1/q 
surgery exact sequence, when g = 3. The lower picture takes place in a 
genus one surface, the upper picture takes place in its triple cover (which 
unwinds 7 to give 7. The curve 7' approximates the juxtaposition of the 
lifts P and 5 and is isotopic to 7 through an isotopy which does not project 
to the basepoint. 
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To see this, note that the isotopy of 7^ to 7^ gives rises to isomorphisms 

defined analogously to the maps of isotopies downstairs. It is straightforward to see 
that these are functorial for triangles (compare Theorem 2.3 of [22]). In particular, we 
have that 

It follows that the following diagram is commutative: 
(8) 

HF (a,p) > HF (a, 7) > HF (a,o). 

Again, the generators Qp^^ and G-y,^ are uniquely characterized (up to sign) by the 
property that they are top-dimensional dimensional generators. It follows (since r^;-y_^/ 
and are isomorphisms on the level of homology) that 

r/3;7,7'(Q/3,7) = ,1' ■,5{'d 1 ,5) = ±©7' ,5 

Thus, Theorem 10.1 establishes exactness along the bottom row of Diagram (8), which 
in turn implies exactness along the top row of the same diagram. 

Of course, by repeating these arguments only now isotoping the curve 5g to 7^ + j3g 
(which we can do downstairs in E), we establish exactness for the maps: 

^^(5,7) ^ HF\hr5) ^ Hf\^3). 

(Indeed, this was the isotopy used for the case of fractional surgeries in Theorem 10.14 
of [20]); and hence, by the same naturality arguments, we get exactness for 

□ 



Id 
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3.4. Proof of the truncated exact sequence for fractional surgeries. Proposi- 
tion 3.7 follows easily from Proposition 3.11. 

Proof of Proposition 3.7. We use the maps Fi and F2 as defined in the proof of 
Proposition 3.11 above. Clearly, the holomorphic triangles which comprise Fi (before we 
move T'^ by an isotopy) project down to holomorphic triangles for the Heegaard triple 
(E, a, /3, 7, z). Moreover, it is easy to see that the Maslov indices of these triangles agree 
with the Maslov indices of their projections. Thus, the degree shift of the to-component 
of Fi must agree with the degree shift of its projection. But the projection represents 
the natural cobordism from y to Iq, so this degree shift is |. The same remarks apply 

to the map F2. □ 



Proof of Theorem 3.6 This follows immediately from Proposition 3.7 in the same 
way that Theorem 3.5 followed from Lemma 3.1. □ 
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4. The correction term 

With the help of the absolute grading, we can define the following numerical invariant 
for integer homology three-spheres or, more generally, rational homology three-spheres 
and Spin'^ structures: 

Definition 4.1. Let Y be a rational homology three-sphere. The correction term d{Y, t) 
is the minimal grading (gr) of any non-torsion element in the image of HF°°{Y,t) in 
HF+{Y,t). 

This invariant is an analogue of a gauge-theoretic invariant defined by Fr0yshov, 
see [12]. As we shall see (like its gauge-theoretic analogue), the invariant contains 
information about the intersection forms of four-manifolds which bound Y. 

Proposition 4.2. Let {Y, t) be a rational homology three-sphere. Then, we have that 

d{Y,t) = d{Y,i) 

and 

(9) d{Y,t)^-d{-Y,t). 



Proof. The conjugation invariancc of the correction term follows from the conjugation 
invariance of the maps associated to cobordisms (c.f Theorem 3.5 of [22]). 
We verify Equation (9). 

Consider the natural long exact sequence connecting HF~{Y,t), HF°°{Y,i) and 
ifF+(y,t) (Exact Sequence (3)). Prom this sequence, together with the fact that 
HF'^iY, t) = Z[U, U~^] (c.f. Theorem 11.1 of [20]), it follows that if we define d-{Y, t) 
to be the maximal k for which the map t^: HF^{Y,{) — > HF^[Y,t) is non-trivial, 
then 

(10) d-{Y,i) = d{Y,t) -2. 

Now there is a duality map V which gives a map from HF° homology of Y to HFo- 
cohomology of —Y. In its precise graded version, (c.f. Proposition 7.11 of [22]), we 
obtain a commutative diagram 

HF^{Y,t) HF^{Y,t) 



v+ 



i/F-*^-2(-F,t) ^—^ HFl''-\-Y,t) 



(Here, T>[x, i] = [x, —i — 1]* is the map from the chain complexes for Y, (E, oc, /3, z), to 
the cochain complex for —Y, (— S, cx, f3, z).) The bottom row is the map on cohomology, 
and the vertical maps are all isomorphisms. Now, by the universal coefficient theorem in 
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cohomology and the fact that HF°°{Y, t) is a free module in each dimension, it follows 
that the image of has rank one if and only if the map 

: HF:,_,{-Y, t) HF%_^{-Y, t) 

is non-trivial. In view of this, and Equation (10), Equation (9) follows. □ 

We conclude the subsection with the proof of the additivity of the correction term 
under the connected sum operation: 

Theorem 4.3. // (F, t) and {Z, u) are rational homology three-spheres equipped with 
Spin'^ structures, then 

d{Yi^Z, t#u) = d{Y, t) + d{Z, u). 

The proof occupies the rest of the present subsection. 
We define first a natural transformation 

F^^ZMv^: HF°{Y, t) ® HF^\Z, u) HF°{Yi^Z, t#u) 

as follows. Observe that for some gi and g2 there is a pair-of-pants cobordism from 
Yi^{i^y''{S'^ X S'^)) U(#'''('5^ X S^))i^Z to To define this, consider pointed Hee- 

gaard diagrams (Si, Q:i,/3i, Zi) and (E2, ot2,/32, Z2) for Y and Z respectively. Then the 
Heegaard triple 

(Ei#E2, aia2, /3ia2, (3^(32, z) 

describes such a cobordism. In the above notation, 0:10:2 denotes the union of oii and 
02, thought of now as circles in Ei#E2. Now, we define Fy_^2 ^^^^ to be the composite 
of the map 

HF°{Yt)0HF^'^{Z,u) — > HF°{Yi^3^{S^ x S^)) ^ H F^\{if^^ {S^ x S^))i^Z) 

induced by the cobordism of one-handles with the map 

HF°{Y#<'%S^ x S^)) HF^^a^^'iS"^ x S^))#Z) — > HF°{Y#Z, t#u) 

defined by counting holomorphic triangles in the Heegaard triple. (Of course, we perturb 
the circles to achieve admissibihty.) 

Proposition 4.4. The map Fy^z,i#u defined above is independent of the Heegaard di- 
agrams used for Y and Z. Moreover, ifW is a cobordism from Y to Y' equipped with 
Spin'^ structure $, then the following diagram is commutative: 

HF°{Y, t) ® HF^%Z, u) ^'^*^''*", HF°{Y#Z, t#u) 

Fw.i&d -f'V#(zx[o,i]),s#u 

HF°(Y', t') HF^^'iZ, u) HF°(Y'#Z, t'#u). 
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Proof. For simplicity, wc consider the case where W is composed entirely of two- 
handles. Then, the commutative diagram follows from associativity of the triangle 
construction. More specifically, suppose that W is represented by the Heegaard triple 
(El, cxi, j3i, 7, Zi). Then, by associativity, the following diagram commutes: 



HF°{cx,cx2,P[cx',)(^HF^%l3[a'^,-fM HF^drCx^nM 
The first map corresponds to the one-handles. Observe that 6^3^^2,71/32 canon- 
ical generator for HF-^{(3]^(32,li02), which describes a connected sum of 5"^ x 5"^. 
Thus, going around the above diagram the two ways corresponds to the two possible 
compositions. 

The case of one- and three-handles follows easily (compare Section 4 of [22]). Inde- 
pendence of the Heegaard diagrams follows in the same manner. □ 

Lemma 4.5. Let Z — , and fix the canonical element © e HF-^[S^, to). Then 

FY#ss,i#ioi- ® e>) ■■ HF°{Y, t) HF°{Y^S\ t#to) ^ HF\Y, t) 
is the identity map. 

Proof. This follows from the usual stabilization invariance of the triangle construction. 

□ 

Lemma 4.6. Let {Z, u) be a rational homology sphere equipped with a Spin"^ structure. 
Let Qz G HF-^{Z, u) be an element whose image in HF°°{Z, u) under the natural map 
is a generator. Then, the map 

^5V,to#u(- ® Qz) : HF^{S\ to) HF^{Z, u) 

is an isomorphism which carries the canonical element of HF°°{S^,iQ) to the image of 
Qz in HF°°{Z,u). 

Proof. By naturality, we have a commutative diagram: 

HF^^iS^) HF^\Z) 

'■S3 l-Z 

HF^{S^) HF°°{Z) 
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It follows from this, and Lemma 4.5 that 

F^^#Z,io#uM^S^) ® ©z) = iziOz). 

The result follows, with the observation that both HF°°{S^,to) and HF°°{Z,u) are 
generated as U~^] modules by the canonical elements ^53(053) and lz{Qz) □ 

Proposition 4.7. Let Qz € HF-^{Z,u) be an element whose image in HF°°{Z,u) 
under the natural map is a generator. Then, 

^y#z,t#u(- ® ^z) : HF^{Y, t) HF^{Y#Z, t#u) 
is an isomorphism of relatively graded groups. Moreover, 

gr (F^#z,t#u(e ® ©z)) = gr(e) + gr(©z). 

Proof. Each integer homology three-sphere can be obtained from by a sequence of 
±1 surgeries. When Y is an integer homology sphere, the result follows from induction 
on the length of such a sequence, with Lemma 4.6 as the base case (when Y = S^). 

For the inductive step, suppose that the result holds for an integer homology sphere 
Y. We claim that for each knot K <Z Y, the result also holds for Yi — Y±i[K). We 
concentrate on the case where the sign is +1. Then, there is a map of long exact 
sequences: 

(11) 

... > HF+{Y) ^ HF+{Yo) > HF+{Yi) > ... 



... > HF+{Yi^ZM) ^ HF+{Yoi^ZM) > HF+{Y^4ZM) > - 

We use the convention that if M is a three-manifold, then 

HF°{M#Z, [u]) = HF°{M#Z, t), 

{teSpin=(M#Z)|t|Z=u} 

and the vertical maps are obtained by summing the maps defined in Proposition 4.4. 
Indeed, the above squares commute by Proposition 4.4. It follows immediately that 
F^#z{- ® ©z) sends the image of the 7-action (7 e Hi{Yo;Z)) in HF°°{Yo,io) to the 
image of the 7-action in HF°°{Yq^Z, to#u). It follows from naturality that 

F?,#zmU- ® ■■ HF^iYo, to) HF^iYo, to#u) 
is an isomorphism in all degrees. Commutative Diagram (11) then forces -f'i^#^(- <H)©z) 
to be an isomorphism, as well. (The case of (— l)-surgery follows by repeating the above 
discussion using the (— l)-surgery exact sequence.) 

The case of rational homology spheres follows by induction on the rank of the first 
homology group, and a comparison of long exact sequences, parallel to the proof of 
Theorem 11.1 of [20] in the case of rational homology spheres. □ 
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Proof of Theorem 4.3. Fix Qz e HF^^{Z,u) of degree d{Z,u). Then, we have the 
following commutative diagram 

HFtiYA) ^2iif= , 7/F~„^,„,(y#Z,t#u) 

HFf(Y.t) Ifii*^ i/F+,„„,(y#Z,t#u). 

Prom this it follows easily that 

d{Y, t) + d{Z, u) < t#u). 
By the same reasoning, we have the inequality 

d{-Y, t) + d{-Z, u) < d{-Y#Z, t#u). 
In view of Equation (9), we can conclude that 

d{Y,t) + d{Z,u)^d{Y4Z,iifu), 
as claimed. □ 

4.1. Correction terms for lens spaces. We give an inductive formula for the cor- 
rection terms of lens spaces. 

Let p and g be a pair of relatively prime, positive integers. The lens space —L{p, q) 
can be given a Hccgaard diagram {E^ a, 7, 2;), where E is an oriented two-manifold with 
genus g = I- If we let a be the "horizontal" circle x {0} and /? be the vertical one 
{0} X S^, then 7 is a smoothly embedded curve homologous to —qa+pP (which we can 
take to be a "straight" circle 

9 ^ (e 9 ,e p ). 

There is a canonical circular ordering of the Spin'^ structures over —L{p, q) (i.e. a 
labeling of the Spin*^ structures by elements i e Z/pZ), which we can describe as follows. 
Consider the pointed Heegaard triple {E, a, (3, 7, z), where the baspoint is placed so that 
all the coefficients of the triply-periodic domain connecting a, f3, and 7 are negative, 
and order the intersection points of a with 7 circularly (about a), so that the (p — 1)** 
one modulo p is the one adjacent to the basepoint. (See Figure 2.) 

Proposition 4.8. Fix positive, relatively prime integers p > q, and also choose an 
integer with < i < p + q. Then, with respect to the above ordering of the Spin"^ 
structures over —L{p, q), we have the following inductive formula: 

(12) d(-LM = (Pl^J2i±l^ILlSDj _ a(-L(,,r),j), 

where r and j are the reductions modulo q of p and i respectively. 
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Figure 2. Ordering of Spin'^ structures over — L(3,2). This is an 
illustration of a Heegaard triple {E,a, P,^, z), representing a cobordism 
between — L(3,2), — L(2, 1), and S^. The non-positive integers represent 
multiplicities of the triply-periodic domain used in the proof of Proposi- 
tion 4.8, while the integers labelling the intersection points between f3r\'~f 
and a n 7 represent the canonical orderings of the Spin^ structures over 
— L(2, 1) and —L{3, 2) respectively. The darkly-shaded triangle (when 
taken with multiplicity one) is the domain associated to the triangle ■^i 
in the proof of Proposition 4.8. 

Proof. Observe that the Heegaard triple {E, a, /3, 7, z) represents a cobordism -^a,/3,. 
with 



Indeed, it is easy to see that Yp^^ = —L{q,r) (and in fact the cobordism obtained from 
^a,i3,'y after filling in the is the usual cobordism between L{q, r) and L{p, q) given by 
a single two-handle addition). 

Observe that there are p + q triangles {ipo, ■■■,'ipp+q-i} with non-negative domains 
but for which n^(?/'o) = 0. We order these so that T>{%b()) < 'D^ipi) < ... < V{ipp^g^i). 
Clearly, with the above conventions, ipi connects the z*'' Spin'' structure (where i is 
thought of as an element of Z/qZ) on —L{q, r) to the i^^ Spin"^ structure (now regarding 
i as an element of Z/pZ) on —L(p, q). Clearly, now, the induced map F^^ .^ determined 
by ijji takes the tensor product of generators in HF-^{S^) (E) HF-^{—L{q,r),j) iso- 
morphically to the generator of HF-^{—L{p, g), i) (since there is a unique holomorphic 
triangle in the torus representing the Spin'' structure). Thus, as in Equation (4), it 
follows that 




Ya,f3 — y^rt 




L{p,q). 



(13) 



d{-L{p, q),i) + d{-L{q,r),j) 



ciis,ii^i)f + 1 



4 
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Strictly speaking, the holomorphic triangle is not the one corresponding to the two- 
handle addition: the diagram {E , {f3} ,{'-/}, z) represents L{q,r), rather than a con- 
nected sum of 5*^ X 5*^. Thus, we use the variant of this dimension shift formula as in 
Proposition 4.7. 

Calculating the right-hand-side of the above equation is an application of Proposi- 
tion 6.3 of [22], a formula which gives the evaluation of the first Chern class of the 
Spin'^ structure underlying a triangle in terms of combinatorial data on the Heegaard 
triple. Let V be the generator of the group of triply-periodic domains, which is nowhere 
positive. The quantities appearing in Equation (8) of [22] are easily seen to be: 

xiv) = 

#idr) = p + q + l 
n,{V) = 
a{ijji,V) = -p-q + i + 1. 

It now follows from Equation (8) of [22] that 

(14) {c,i3M)),H{V)) = 2i + l-p-q. 

Clearly, H(V) is the generator of the compactly-supported cohomology, and H{V)'^ — 
—pq, we can combine the above with Equation (13) to obtain Equation (12). □ 



4.2. Correction terms for three-manifolds with bi > 0. There are versions of 
the correction term for three-manifolds whose first Betti number is positive, as well. 
For instance, one could use totally twisted coefficients to define a rational invariant for 

three-manifolds equipped with torsion Spin"^ structures. However, more structure can 
be obtained by using untwisted coefficients (and still a torsion Spin'^ structure). For 
simplicity, we restrict ourselves presently to the case where Hi{Yq; Z) = Z. In this case, 
there is a unique Spin'^ structure to with ci(to) = 0. 

Definition 4.9. Suppose that Hi{Yq;Z) = Z. Then, there are two correction terms 
d±i/2{Yo), where (i±i/2(^o) the minimal grading of any non-torsion element in the 
image of HF°°{Yq,{q) in HF'^{Y,io) with grading ±1/2 modulo 2. 

Proposition 4.10. Let Hi{Yo; Z) ^ Z. Then, 

di/2{Yo) - 1 < d_l/2(lo). 

Moreover, 

d±i/2{Yo,i) = d±y2{Yo,t), 

and 

(15) d±,/2{Yo,t)^-d^i/2{-Yo,i). 
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Proof. The first inquality follows from the algebra structure of HF^{Yq, to), together 
with the grading as given in Proposition 3.4: if ,^0 is any non-zero element with gr(.^o) = 
— I (mod Z) in HF^{Yq, tg) coming from HF°°{Yq, tg), then there must be an element 
^1 of degree one greater (also coming from i7F°°(lo, to)), with 9 ■ — ^q, where 9 is 
some element of Hi(YQ,iQ). 

The other two equations follow exactly as in the case where bi{Y) — (Proposi- 
tion 4.2). □ 

The following proposition gives a relationship between correction terms for for integral 
homology spheres and the correction terms for zero- surgeries on knots in them. This 
result will be generalized in Section 9 (sec especially Theorem 9.11 and Corollary 9.14). 

Proposition 4.11. Let K dY be a knot in an integral homology three-sphere. Then, 

d{Y) - i < d_v2(lo), 

and 

d^„^{Y^)-]^<d{Y,). 

Proof. The first inequality follows from the fact that for the induced map Fi on the 
cobordism from Y to Yq 

HF^{Y) HF^_y,iYo,io) 

is an isomorphism for all even integers k, together with commutativity of the diagram 

1700 

HF^{Y) HF^_,JYo,io) 



HF^iY) ^ HF^_,^,{Yo,io) 
The second follows similarly, using the fact that 

: HF^^,/,{Yo) HF^{Y,) 
is an isomorphism for all even integers k. □ 



4.3. Knots in S^. In light of Proposition 4.11, the correction terms for homology 

X S"^ can be used to give obstructions to obtaining a given three-manifold as zero- 
surgery on a knot in the three-sphere. Specifically, since d{S^) = 0, we see that if Yq is 
obtained as zero-surgery on a knot in S^, then 

-\ < ^-1/2(^0). 
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Moreover, by reflecting the knot and using Proposition 4.10, we also obtain the bound 

^1/2(^0) < 

We wiU give a generahzation of this observation in Theorem 9.11 (see especiaUy Corol- 
lary 9.13). 

In another direction, we can think of the correction terms as giving rise to knot 
invariants (by considering the two correction terms associated to the zero-surgery). In 
fact, we find convenient to package the information as follows: 

d.y2{Sl{K)) - d^/2{Si{K)) + 1 
'^AK) = 2 

and 

^ ^ d-i/2{Sl{K)) + d^/,{S|{K)) 

(where Sq{K) denotes zero-surgery along K, given the orientation induced from K, and 
the correction term is calculated in the unique torsion Spin"^ structure). 

In view of the above results, cr+{K) is a non-negative integer, while CT-iK) is an 
integer. Moreover, if r : — > is an orientation-reversing diffeomorphism of to 
itself, then (r+{r{K)) = (t+{K), while (r^{r{K)) = -a^{K). 

Indeed, the (t±{K) could alternatively be defined using only correction terms for 
integral homology three-spheres, in view of the following result: 

Proposition 4.12. Let K <Z he an oriented knot in the three-sphere. Then, 

d,/2{Sl{K))-\ = d{Sl{K)) 

d{Sl,{K))-\ = d.,/2{Sl{K)) 



Proof. This is a direct consequence of the surgery long exact sequence, in view of the 
structure of HF+ (S^) . □ 



30 peter ozsvath and zoltan szabo 

5. The renormalized Euler characteristic and the Casson invariant 

Let Y be an integer homology three-sphere (so that it has a unique Spin'^ structure, 
which we drop from the notation) . We define a renormahzed Euler characteristic by 

x{Y)-x{HKUY))-^d{Y). 

Let S(2, 3, 5) denote the Poincare homology sphere, oriented as the boundary of the 
negative-definite £^8 plumbing. 

Theorem 5.1. Let Y be an integer homology three-sphere. Then, the renormalized 
Euler characteristic agrees with Casson's invariant: 

X{Y)^X{Y), 

where here Casson's invariant is normalized so that A(E(2, 3, 5)) = —1. 

We will use the surgery long exact sequence for HF^, and the following observation. 

Lemma 5.2. Let Y he an integral homology three- sphere. Then, for all sufficiently 
large n, we have that 

x{Y)^x{HFt^^_,{Y))-n. 

Proof. This follows easily from the structure of HF°°{Y). □ 

Recall that when Yq is an integer homology S^xS'^, the Euler characteristic x{HF^2n+iiY, So)) 
is independent of n, provided that n is sufiiciently large. We let x^'^^^'^{HF~^[Yo,So)) 
denote this integer. 

Proposition 5.3. If K G Y is a knot in an integral homology three-sphere, and let Sq 
denote the Spin"^ structure on Yq with trivial ci . Then we have the following: 

(16) x{Y) - m) = x'''"'%Yo,So) + x{HF+{Yo,s)). 

Proof. This follows by taking the Euler characteristic of the exact sequence in the 
form stated in Theorem 3.5, and applying the observation of Lemma 5.2. □ 

Proof of Theorem 5.1. The right-hand-side of Equation (16) can be calculated from 
the results of [20] . Specifically if we write the Alexander polynomial of y — X as 

d 

Ax = ao + 5^a,(r + 

i=l 

and 

d 

= y~li'^|i|+j) 
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then according to Theorem 9.1 of [20] (with Proposition 11.12 of [20] to pin down the 
sign, bearing in mind that for an integer homology x S"^, the mod 2 reduction of 
gr + ^ gives the absolute Z/2Z grading on Yq which is used to determine the sign of the 
Euler characteristic, according to Proposition 3.4), for each i 7^ 0, we have that 

x{HF+{Yo,s)) = -ti, 

where ci{s) is 2i times a generator of H'^{Yo; Z), while 

^^^--c^HF+iYo,5o)) = -to, 

for the torsion Spin^ structure (this case is handled in Theorem 11.15). Plugging these 
values into Equation (16), we see that x{Y,s) satisfies the same surgery formula as 
Casson's invariant. Moreover, we know that xi^^) = 0- Since Casson's invariant is 
characterized by its +1 surgery formula and this normalization, the theorem follows. □ 
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6. The renormalized complexity and surgeries 
In [20], we defined a numerical invariant for integer homology three-spheres 

Let K C Y he a, knot, and let Yi be the manifold obtained by +1 surgery along K, 
then Theorem 1.8 of [20] gives a bound: 

d 

max{-to,0) + 2j2\ti{K)\ < N{Y) + N{Yi). 

i=l 

Taken with the correction term, however, N[Y) becomes more effective at distinguishing 
Y and Yi, as follows: 

Theorem 6.1. Let Y be an integral homology three-sphere and K (lY be a knot, then 
there is a bound: 

(17) UY)\ + 2 ^ UK)\ < N(Y) + ^ + N(Y,) - 



i=l 



Proof. By surgery long exact sequence, we have exactness in the middle for 

Indeed, the image of F^'^'^ lies in the kernel of the map F^^: HFj.ed{Yi) — > HFj.ed{Y), 
while the kernel of F^'^'^ contains the image of F^'^'^. Thus, 

(18) rkHF,^{Yo) = rkImF[^<^ + rkImF2'^'^ 



We claim that 
(19) 



This is true because (thanks to the absolute gradings in the exact sequence. Lemma 3.1) 
there is a module Vi of rank Dy = '^-i/2(^o)+|-<y) .^^^^ HF°°{Y) in HF+{Y) 

which maps to zero in HF^{Yq). It follows (from the surgery long exact sequence on 
HF+) that HF+{Yi) surjects onto Vi C HF+{Y). In fact, the map 

F3+: HF+{Yi) — > HF+{Y) 

factors as 

HF+{Y^) > HF,,d{Y^) . HF+{Y), 

since the map F^ is trivial. Moreover, the image of F^®'^ is clearly contained in the 
kernel of this map. But there is a module Wi of rank at least Dy in ifFred(^i) which 
maps to Vi. This estabhshes Inequahty (19). 
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Similarly, we claim that 
(20) rklmFr^ < rkHFUY) - (^^(Zil±i^^V^^ . 

There is a module V2 or rank Dy, = '^'■^^^+^2^'^^^^"^ jn the image of HF^{Yq) in HF+{Yq) 
which maps to zero in Yi. It follows (from the surgery long exact sequence on HF'^) 
that there is a submodulc of HF^iY) which surjects onto V2. The grading of V2 is 
congruent to 1/2 modulo 2 (sec Proposition 3.4, so clearly, W2 consists of elements with 
grading 1 modulo 2 in HF^{Y), so W2 injects into HFj-ed{y)- On the other hand, W2 
maps to zero under Fl^^. This establishes Inequality (20). 
We claim that for all sufficiently large n,: 



rkHF,,a{Yo,So) < rki/F+2„+i(ro,5o) - 




Combining the Euler characteristic calculations on Yq (Theorem 9.1 of [20] when the 
Spin*^ structure is non-torsion and Theorem 11.15 of [20] when it is). Equation (18) and 
Inequalities (19), and (20), we obtain the result claimed. □ 

It is natural to consider the following class of three-manifolds: 

Definition 6.2. An integer homology three-sphere Y is said to be invisible if d{Y) = 
and N{Y) = 0. 

Invisibility is independent of the orientation of Y, according to the following: 

Proposition 6.3. Let Y be an integral homology three-sphere. Then, N{—Y) — N{Y) 
and d{-Y) = -d{Y). 

Proof. The fact that N{Y) = N{-Y) follows from duality between HF+{Y) and 
HF_{—Y) (the latter being cohomology) (see Proposition 7.3 of [21] and also Section 5 
of [22]). The claim for d was established in Proposition 4.2. □ 

Of course, is invisible. By the additivity of d, under connected sum (Theorem 4.3) 
and the following lemma, the set of invisible three-manifolds is closed under connected 
sum: 

Lemma 6.4. If N{Yi) = and N{Y2) = 0, then N{Yi#Y2) = 0, as well. 

Proof. Prom the long exact sequence connecting HF with HF'^, it follows that 
N{Y) = if and only if HF{Y) has rank one. The connected sum claim then follows 
from the Kiinneth formula for connected sums on HF (Proposition 7.2 of [21]). □ 
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As we shall see in Section 8, A^(S(2,3,5)) = 0. So, it follows from Lemma 6.4 that 
S(2,3,5)7^ — S(2,3,5) is an invisible three-manifold. Theorem 6.1 has the following 
consequence for invisible three-manifolds: 

Corollary 6.5. Let Y he an invisible three-manifold, and K G Y be a knot in Y with 
non-trivial Alexander polynomial. Then Yi is not invisible. 



Proof. The Alexander polynomial of a knot is non-trivial if and only if the left-hand- 
side of Inequahty (17) is positive; so the result follows from the inequlity. □ 

Using the long exact sequence for 1/n surgeries, we have the following generalization 
of Theorem 6.1: 

Theorem 6.6. Let Y be an integral homology three-sphere and K <zY be a knot, then 
there is a bound 

n f |to(F)| ^2y^UK)\\ < NiY) + ^ + NiYy^) - 



Proof. The proof proceeds exactly as before, substituting the long exact sequence for 
1/n surgeries, with the additional observation that in each degree k, HF^{Yq,So', l^/nZ) = 
Z. Note that we are using Proposition 3.7 in place of Lemma 3.1. □ 

This has the following immediate consequence: 

Corollary 6.7. Let Y be an invisible three-manifold, and K G Y be a knot in Y with 
non-trivial Alexander polynomial. Then any non-trivial surgery on K gives a three- 
manifold which is not invisible. 
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7. Integer surgeries in the three-sphere 

We will now consider consequences of the graded exact sequences to the situation 
where i^' C S*"^ is a knot with the property that +p surgery on K gives a lens space. 

Indeed, as we shall show, when K G is a knot for which Sp{K) = L{p,q), then, 
the absolute gradings together with the long exact sequence for integer surgeries (The- 
orem 10.19 of [20]) determine the structure of HF'^{Sq{K)). The methods here can be 
thought of as elaborations on the proof of Theorem 6.1. Note that one need consider 
only integer surgeries on the knot K, since if a non-integral surgery on a knot in 
gives rise to a lens space, then the knot must be a torus knot, according to the "cyclic 
surgery theorem" of CuUer-Gordon-Luecke-Shalen, [5]. 

In fact, most of the results we discuss here for integer surgeries readily generalize to 
the case where S*^ is replaced by an arbitrary invisible three-manifold (in the sense of 
Definition 6.2), and the lens space is replaced by an arbitrary three-manifold L with 
HF^^{L) = and Hi[L, Z) = Ij/pL. However, we state most of our results for and 
lens spaces, in the interest of exposition. 

We recall now the integral surgeries long exact sequence. Let K <zY he a, knot in an 
integral homology three-sphere and p is a positive integer, then Theorem 10.19 of [20] 
gives a map 

Q: Spin^(Fo) ^ Spin^(i;) 
and a long exact sequence of the form: 

(21) ... HF+{Y^,[i]) HF+{Y^,i) HF+{Y) > 

where 

i/F+(Fo,[t])= i/F+(Fo,t'). 

To describe Q topologically, recall that the integer surgery naturally gives rise to a 
cobordism W between Fq; and the lens space L{p, 1). The proof of the long exact 
sequence (see especially Proposition 10.15 of [20]), gives a preferred Spin^ structure u 
over L(p, 1). If 5 is any Spin'^ structure over Yq, then (5(t) is the Spin'^ structure over 
Yp for which the triple of Spin^ structures 5, Q{i) and u extend over W. Indeed, the 
preferred Spin'^ structure over L(p, 1) is characterized by the following: 

Proposition 7.1. Let N be a neighborhood of a two-sphere S with self-intersection 
number —p. Then, u is the Spin'^ structure which extends to a Spin'^ structure 5 over N 
with 

(Ci(5),[5])=p. 



Proof. The intersection point representing u is adjacent to the bascpoint (compare 
Figure 7 of [20]). The rest is an apphcation of Proposition 6.3 of [22] (as in Proposi- 
tion 4.8). □ 
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There are purely algebraic constraints on realizing a given map from Spin'^(yo) to 
Spin^(y) as a map of the type Q above. Of course, the two spaces of Spin'^ structures are 
principal homogeneous spaces for H'^(Yo) = Z and H'^{Yp) = Z/pZ respectively, and the 
map Q must be equivariant under this action (given a surjective group homomorphism 
from H'^{Yq) — ^ H'^iYp)). In addition, both spaces admit actions by Z/2Z, given by 
conjugating the Spin*^ structures, and the map Q must also be equivariant under these 
Z/2Z-actions, as well. 

In the following statement, recall (c.f. Proposition 4.8) that for each positive integer 
p and each congruence class i e Z/pZ 

d{L{p, 1), ^) = — , 

where we take j to be the integer in the equivalence class j = i (mod p) with < j < p. 
Note that in that proposition we gave an explicit identification 

Spin'^(L(p,?))-Z/pZ. 

When describing Spin'^ structures over the zero-surgery Yq, we will find it convenient 
to use an identification 

Spin^(yo) = z 

induced from a choice of generator H for H2{Yq, Z). In particular, we write HF~^[Yq, i) 
to denote the group for Yq associated to the Spin'^ structure tj e Spin'^(y'o) with the 
property that 

(ci(s,),[i7]) = 22 

(note that the group HF^{YQ,i) is actually independent of the choice of generator H, 
since the groups are invariant under conjugation). 

Theorem 7.2. Let K <Z be a knot in with the property that p > surgery on 
K gives the lens space L{p,q), and let Yq = Sq{K). Then, HF~^{Yq) has the following 
structure: 

• The group HF°°{Yq,0) surjects onto HF~^{Yq,Q), and ifF+(l^,0) contains no 
torsion. Thus, HF^{Yq,Q) is determined by ^±1/2(^,0). In fact, 

rf_i/2(yo,o) = -^, 

and 

di/2{YQ, 0) = d{L{p, q), Q(0)) - d{L{p, 1), 0)) + ^. 

• For each i with \i\ < p/2, all non-zero homogeneous elements in HF'^{YQ,i) have 
odd grading, and in fact we have an isomorphism of Z[U]-modules 

HF+(YQ,i)^Z[U]/U\ 
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where the integer £ — £(p, q, Q, i) is given by the formula: 
(22) 2e = -d{L{p, q), Q{i)) + d{L{p, l),i)> 0, 

• For each i with \i\ > p/2, HF+{Yo,i) = 0. 

Remcirk 7.3. Of course, no generality is lost by focusing on the case of +p surgeries. 
If —p surgery on a knot K gives the lens space L{p,q), then we can apply the above 

theorem to the reflection of K, r{K), bearing in mind that +p surgery on r{K) gives 
the lens space —L{p, q) = L{p,p — q), and also that Sl{r{K)) = —Sq{K). 

Remark 7.4. The methods of this section actually prove a stronger statement: if L 
is any three-manifold with HF^^{L) = and K G Y is a knot in an invisible three- 
manifold with the property that Yp{K) = L, then HF~^{Yq) is uniquely specified by 
formulas similar to those appearing in the statement of Theorem 7.2, depending on the 
correction terms for Y and L (and the correspondence Q). We do not spell these out at 
present, since the case of lens space surgeries seems to be the most natural. 

Before turning to the proof, we give some consequences of the above theorem. 

CoroUciry 7.5. For each pair of relatively prime integers {p,q), there is a finite set 

of symmetric Laurent polynomials in a variable T (explicitly determined by p and q) 
which can arise as the Alexander polynomial of a knot K G with the property that 
Sl{K) = L{p,q). 

More precisely, if K G is a knot with Sp{K) = L{p,q), then there is a one-to-one 
correspondence 

a-.Z/pZ — > Spin^(L(p,5)) 
with the property for each integer i, we have that 

Q <2t (K) = I ~^(-^(^^'^)'^(^)) + ^(-^(^^'1)'^) «/2W<P 
~ ''^ ' \ otherwise, 

and the correspondence a satisfies the following symmetries: 

• (y{—i) = u{i) 

• there is an isomorphism 4>: Z/pZ — > Z/pZ with the property that 



Proof. If K is as above, the equation for the torsions ti{K) is an immediate conse- 
quence of Theorem 7.2, together with the relationship between the Euler characteristic 
of HF~^ for Yq and the torsion invariants for Yq The symmetry properties of a follow 
immediately from the corresponding symmetries of Q. Since there are only finitely 
many different possible choices for Q (corresponding to the various choices of a), and 
the Alexander polynomial of K is uniquely determined by the torsion coefficients (c.f. 
Equation (1)), the first statement in the corollary follows. □ 
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This has the following special cases (stated in the introduction as Theorems 1.6 and 
1.8): 

Corollary 7.6. Suppose that K G is a knot with the property that some integer 
surgery along K with coefficient p with \p\ < 4 gives a lens space, then HF^{S\{Q)) = 
HF'^{S^ X S^) as absolutely graded groups; in particular, the Alexander polynomial of 
K is trivial. 

Proof. This follows from a case-by-case analysis. For each p with \p\ < 4, and each q ^ 
1, it is easy to see that there is no one-to-one correspondence a between Spin'^(L(p, g)) 
and Spin'^(L(p, 1)) for which all differences —d{L{p, q), t)) -|- d{L{p, 1), cr(t)) are all non- 
negative, even integers. Indeed, when q — 1, the only possible correspondence is the 
trivial one (for which all the differences are zero), forcing HF^{Sl^{0)) = HF^{S'^ x S^). 

The proof is straightforward, given that the correction terms for L(2, 1) are given 
by (— |, |); the correction terms for L(3, 1) are (|, — |, — ^), and those for L(4, 1) are 

(f,o,-i,o). □ 

The above result is special to the case where \p\ < 5. For instance, the lens space 
L(5, 4) = —1/(5, 1) can be realized as -|-5-surgery on the right-handed trefoil knot, whose 
Alexander polynomial is non-trivial. Indeed, the constraints given above show that any 
knot K with the property that S^{K) — L(5,4), the Alexander polynomial is given by 
A/^' = T — 1 +T~^. However, we do have the following statement for general p (sec also 
Section 10.3 for a table of possible Alexander polynomials for knots giving L(p, g), for 
small values of p) : 

Corollary 7.7. Suppose that K G is a knot with the property that +p surgery on K 
gives the lens space L{p,l). Then, HF°°{Sl{K)) = HF°^{S^ x S^) as absolutely graded 
groups; in particular, the Alexander polynomial of K is trivial. 

Proof. Suppose that +p surgery on K gives the lens space L{j), 1). If HF~^{Sq{K)) ^ 
HF°°{S'^ X S^), then there must be some non-zero ti{K), and hence there must be 
some i e Z/pZ with the property that —d{L{p, 1), a{i)) + d{L{p, l),i) ^ (according 
to Theorem 7.2). Thus, there must be some (possibly different) j e Z/pZ so that 
—d{L{p, 1), cr(j)) -I- d{L{p, 1), j) is negative. But this contradicts the non-negativity of 
the ti from Theorem 7.2). □ 

In a different direction. Theorem 7.2 gives obstructions to realizing a given lens space 
as integral surgery on a knot in S^. For example, the condition of integrality of £ (as 
given in Equation (22)) could be viewed as an obstruction to obtaining L{p, q) in this 
way. But it is not particularly strong: since it uses the correction term only modulo 2Z, 
it gives an obstruction only to obtaining L{p, q) on a knot in any homology three-sphere. 
Now, there is a complete characterization of such lens spaces, due to Fintushel-Stern [8]: 
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Proposition 7.8. The lens space L{p, q) can he obtained as integral surgery on a knot 
in an integral homology three-sphere if and only if ±g is a square modulo p. 

Proof. We consider the link obtained by a single unknot with framing]?/ q, and another 
knot which links this with linking number x, and which is given the framing n. Let Y 
be the three-manifold obtained as surgery on this link. Then \HiiY; Z)| = \np — qx'^\. 
Thus, if ±g is a square mod p, we can find an n and x such that F is a homology 
three-sphere. 

Conversely, if y is a homology three-sphere with a knot on which an integral surgery 
gives L(p, g), we can find instead a knot in L(p, g), on which an integral surgery gives 
Y . Thus, the above argument shows that ±g is a square modulo p.. □ 

However, the non- negativity of the ti (coming from the the absolute Z/2Z grading of 
the Z[C/]/C/^ as above) gives a more refined obstruction to realizing a fixed lens space 
q) as surgery on some knot in S^. Wc content ourselves here with one infinite 
family of lens spaces ruled out by this obstruction. 

Proposition 7.9. Consider the family of lens spaces L{p, q) parameterized by positive 
integers k not divisible by four, with p = 2k {3 + 8k), and q = 2k + 1. These spaces 
cannot be obtained as integral surgeries on any knot in S^, though they all arise as 
integral surgeries on knots in homology spheres. Moreover, these lens spaces can be 
obtained by integral surgeries on two-component links in S^. 

Proof. We consider the Spin'^ structure on L(2A;(3-|-8A;), 2k-\-l) labelled by the integer 
k, according to the ordering given in Proposition 4.8. Since 

2A;(3 + 8A;) = 1 (modl + 2A;), 

the other lens space appearing in the inductive formula is — L(l -|- 2k, 1). Thus after 
two iterations of Equation (12), we get that 

d{-L{2k{3 + 8k)k, 2k + l),k)= ^ . 

In the same manner, 

d{-L{2k{3 + 8k)k, 2k + 1), 4A;(1 + 2A;)) = 

We claim also that both Spin'^ structures in question are spin structures. To see 
this, observe that the Spin'^ structure labelled by i = 4/c(l -|- 2k) extends over the 
cobordism between L{p,q) and L{q. 1) whose first Chern class is trivial (according to 
Equation (14)). Now the Spin'^ structure labeled k difi^ers from ihj p/2 times a generator 
of H'^{L{p, g); Z) thus it, too, must come from a Spin structure. 

Thus, the correspondence Q must pair the spin correction term for L(p, q) with 
one of the two possible correction terms for L{q, 1) which come from Spin structures. 
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namely, —1/4 and Pairing with the first is ruled out by the positivity criterion of 
Theorem 7.2, while pairing with the second is ruled out by the integrality condition of 
that same theorem, in light of our hypothesis that k is not divisible by 4. It follows 
that +p surgery on a knot cannot give L(p, q). 

To rule out —L[p, q), we observe that the other spin correction term for this manifold, 
i^^, cannot pair with by the integrality criterion (and the hypothesis that k is not 
divisible by 4). On the other hand, pairing it with —1/4 is once again ruled out by the 
positivity criterion. 

On the other hand, these lens spaces all arise as surgeries in homology spheres. 
Specifically, consider the plumbing diagram consisting of a tree with a central node 
and three chains of spheres. The central node has a sphere of square —1, the first chain 
consists of spheres of square —2 and x (to be revealed later), the second consists of a 
single sphere labelled with — 8A; — 1, and the third consists of one node with square —3, 
and then a chain of 2A; — 1 spheres with self- intersection number —2 (see Figure 3). When 
the sphere labelled with x is left off, the three-manifold described is simply +l-surgery 
on the (right-handed) torus knot of type (2, Ak + 1) (as can be seen by successively 
blowing down — 1-spheres in the plumbing diagram). When x — 0, the three- manifold 
described is the lens space L{p, q): the x — sphere cancels the —2 sphere in the first 
chain, and we can then blow down the central —1 sphere, to obtain a single chain 2k + 1 
of two-spheres, the first of which is labelled with — 8A;, and the rest with self-intersection 
number —2. 

Indeed, the above procedure applied to the entire plumbing diagram, i.e. keeping the 
first unknot (labelled now with x — 0) allows us to express the lens spaces in the given 
family as integral surgeries on two-component links (one of whose components is the 
(2,4A; -|- 1) torus knot, with framing -|-1). 

□ 

Having seen consequences of Theorem 7.2, we turn to its proof, after some lemmas. 

For the statement of Theorem 7.2, it is useful to have an alternate characterization 
of Q (at least, up to conjugation). 

Fix a knot K <Z S^, and let W{Y,K,p) denote the cobordism from to Yp. This 
has b2{W) — 1, and indeed, it has a compactly supported class E with T, -T, — p. 

Lemma 7.10. Let t be a Spin'^ structure over Yq, with {ci{t),H) ~ 2i, where H e 
H2{Y;Z) is a generator. Then, the Spin*^ structure Q{t) extends over W{Y, K,p) as a 
Spin'^ structure $ with 

± (ci (5) , [E] ) = p + 2i (mod 2p) . 

Proof. We can juxtapose the cobordisms Wq from Y to Yq and the cobordism W from 
YoY[L{p,l) to Yp to obtain a composite cobordism X. By the definition of we can 
find a Spin'^ structure over W whose restriction to Yp is Q{l) and whose restriction to 
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-8k- U 

Figure 3. Plumbing pictures for L{2k{3 + 8k),2k + l). This plumb- 
ing picture exhibits L{2k{3 + 8A;), 2k + 1) as integral surgery on the ho- 
mology sphere — S(2,4A; -|- 1,8A; -|- 1) (setting x = 0). Blowing down 
all (— l)-spheres, we obtain an description of the lens space as integral 
surgery on a two-component link. 



L(p, 1) is the canonical u. We can then extend this Spin'^ structure from W to obtain a 
Spin'^ structure 5 over all of X. 

Now, the composite cobordism X admits a different decomposition as the internal con- 
nected sum of the canonical cobordism W{Y, K,p) from Y to Yp with the null-cobordism 
of —L{p, 1) as a neighborhood of a sphere S of square —p. (This decomposition is easily 
seen by decomposing the Heegaard quadruple (E, a, (3, 7, S, z) as a juxtaposition of two 
Heegaard triples in two ways.) Correspondingly, the homology H2{X; Z) is generated by 
[E] and [S]. The image of the generator of if in X is represented by ±PD(E) — PD(5'). 
It follows that 

{c,{s)\Yo,H) = ±(ci(5), [E]) - (ci(s), [S]) = ±(ci(5), [E]) -p (mod 2p). 

□ 



We also have the following result concerning degree shifts. 

Lemma 7.11. The component of Fi in Exact Sequence (21) above which carries HF^{Y) 
into the to-component of HF^{Yq, [Q{io)]) has degree —1/2, while the restriction of F2 
to the HF+{Yo,{o)-summand of HF+{Yo, [(5(to)]) has degree (2^). 



Proof. Consider the proof of the integral surgeries long exact sequence from [20] , only 
now isotope the 7- rather than the 5-curves. In so doing, we can realize Fi and F2 as 
maps defined by counting holomorphic triangles (where now F2 belongs to a cobordism 
between Yq, Yp and L(p, 1)#(#^~^(5'^ x S^))). In particular, Fi is a sum of maps induced 
by a single two-handle addition, so it decreases grading by 1/2. 
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The map F2 counts pseudo-holomorphic triangles, induced from 

by substituting in the canonical generator of HF-^{—L{p, 1)#^~^(S'^ xS^),u). To calcu- 
late the degree shift of this map, one follows the usual routine. We let (S, a, /3, 7, 6, z) be 
the Heegaard quadruple representing the integer surgery (so that Ya^p = Y, Y^^^ = Yq, 
Ya,s — Yp) fix intersection points x e fl T^, y G n (representing t), and 
w e n T5 (representing Q(t)), and let ©/j,^, 0/3,5, and Qj^s be intersection points 
with the canonical grading (the top non-zero grading in HF-^ of the corresponding 
three-manifolds). Indeed, we select the intersection points x, y, and w so that there are 
triangles ^pl G 7r2(x, 6/3,^, y), (p2 e 7r2(y, 67,5, w) with ^{ipi) = ij,{ip2) = 0. (As usual, in 
the case where = 1, we need to stabihze once to achieve this.) 

Now we can find alternative triangles ipi G 7r2(x, 0/3,^, y) and 1P2 G '?r2 (6/3,7, ©/J.^j ©7,5) 
with ^{ip2) = 0, so that the square obtained by juxtaposing ipi and 1^2 is homotopic to 
the square obtained by juxtaposing ipi and ip2- Since the the Spin'^ structure determined 
by ifi + ip2 factors through the torsion Spin'^ structure on Yq, we can use the previous 
lemma to conclude that if E is a generator for H2 of the cobordism from y to 
(corresponding to the triple (E, a, f3, d,z)), then 

(c^isM), [E]) = ±p. 

This, together with the additivity of the Maslov index, which forces //(■0i) = 0, gives 
that 

gr(w) - gr(w) = 
Thus, the degree shift of F2 is calculated by 

gr(w) - gr(y) = gr(w) - gr(x) + gr(x) - gr(y) = — h -, 

(bearing in mind that the degree shift of Fi is |). □ 

It will be useful also to have the following result for three-manifolds with trivial 

Lemma 7.12. Let K G Y be a knot in an integer homology three-sphere with HF^{Y) = 
0, let p be a positive integer, and suppose that HF^{Yp) = 0. Then, for all integers 
n>p, HF+^{Y^) = 0. 

Proof. Recall that for a rational homology sphere L, it is always the case that 

\H^{L;Z)\ < j:kHF{L). 

Moreover, the condition that HF^{L) = is equivalent to the condition that HF{L) 
is a free Z-module with 

\H^{L;Z) \ ^TkHF{L). 
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Thus, to estabhsh the lemma, it suffices to show that if HF{Y) and HF{Yn) are free 
Z-modules of rank 1 and n respectively, then HF{Yn^i) is a free Z-module of rank n + 1. 
This, in turn, follows readily from the general form of the surgery long exact sequence 
(Theorem 10.12 of [20]), which specializes to give exactness in: 

... , HF{Y) > HF{Yn) > HF{Yn+i) > HF{Y) > ... 

It follows immediately that HF(Yn+i) is a free Z-module whose rank satisfies: 

\H2{Y^+i; Z)| = n + 1 < rkHF{Y^+^) < rkHF{Y) + rkHF{Y^) = 1 + n. 

□ 



Proof of Theorem 7.2. The case of Q{0) is analogous to the case of +1 surg- 
eries considered earlier (in the proof of Theorem 6.1). Since in this case, the map 
HF°°{Yo, [Q{0)]) to HF°°{Yp, Q{W)) is surjective, so we still have exactness in the mid- 
dle for 

HF^Y) > //F+,(yo,[g(0)]) > HF^l^{Y„Q{0)), 

where, under the identification of Spin'^(y'o) — given earlier, we have that 

i/F+,(Fo, [g(0)]) = 0i/F+d(ro,/cp). 

Since we assume that Y = and Yp = L{p,q), it follows that HF^{Yo, [Q(0)]) = 0. 
This forces HF+{Yo, kp) = for all k 0. Also, HF+{Yo, 0) is determined by ci±i/2(lo): 

{Z if A; = -i (mod 2Z) and k > rf_i/2(>o) 
Z if A; = I (mod 2Z) and k > (ii/2(>o) 
otherwise 

Moreover, the exact sequence guarantees that Fi maps the image of HF°°{S^) injectively 
into HF°°(Yo,0), while F3 maps the elements coming from HF°°(Yp,Q{0)) (which in 
our present case is all of i?F+(L(p, 5), (5(to)) trivially into HF'^{S^). Thus, it follows 
that actually Fi maps injectively into HF~^{Yo,to). Since F2 lowers degree by 1/2 
(Lemma 7.11), it follows that (i_i/2(loi to) = ~l/2- Again, by exactness, F2 maps 
the elements of grading =1/2 (mod 2) injectively to L{p,q). By Lemma 7.11, it then 
follows that di/2{Yo, to) is calculated by the formula claimed. 

Having determined HF^{Yo,i) for alH = (mod p), we turn to the case of integers 
i G Z with the property that to ^ Q{i)- In this case, HF^{Yq, [Q{i)]) is a finitely 
Z-module generated, so clearly U'^HF~^{Yo, [Q{i)]) = for sufficiently large powers 
of d. It follows (since W^: HF+{S^) — > HF+{S^) is surjective for all d) that the 
image of HF+{S^) under Fi is trivial, so that HF+{Yo, [Qii)]) is a Z[C/]-submodule of 
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HF~^{L{p, q),t) = Z[U which is a finitely generated Z-module. Thus, it follows that 
there is some integer i with the property that 

(23) HF^Yo,j)^Z[U]/U'. 

j=i (mod p) 

Indeed, since the module on the right is a cyclic Z[C/]-module, it follows immediately that 
for each integer i with \i\ < p, there is at most one j = i (mod p) with HF^(YQ,j) ^ 0. 
To complete the proof, it remains to show that the integer in this equivalence class 
is the one with minimal absolute value, and then to see that i is determined as in 
Equation (22). 

To show the minimality of j, we proceed as follows. Observe first that the above 
arguments apply to a more general setting: we have shown that if K G S'^ is a knot 
with the property that for some positive integer n, S^{K) = L, where L is a three- 
manifold with HF^^{L) — 0, then for each i e Z/nZ, there is at most one integer j 
with j = i (mod n) with the property that HF^{Yq, j) ^ 0. Now, returning to the 
lens case, note that if HF^{Yo, j) ^ 0, then it is also the case that HF~^{Yo, — j) ^ 
(by the conjugation invariance of the invariants) - so we can assume without loss of 
generality that j > 0. But both HF~^{Yo,j) and HF~^{Yo, —j) he in the same 2_7-orbit 
2j ■ H^{Yo;Z); so it follows immediately that HF+^{Y2j) ^ 0. But then Lemma 7.12 
forces 2j < p. 

Now, it remains to express the integer i from Equation (23) in terms of correction 
terms. To this end, observe that the map F3 is realized as a sum of maps belonging to 
the canonical cobordism Wp from 1^ to F: 

{seSpin'=(Wp)|B|rp=(3(i)} 

where here — —W{Y,K,p^ in the notation of Lemma 7.10. Moreover, each of 
these component maps F^^^ is induced from the corresponding map on HF°°^ Pwps- 
Thus, these various maps differ only by a dimension shift. Moreover, they must all be 
isomorphisms, since HF^{Yo, [Qij)]) is finitely generated. 

To calculate the dimension shift, observe that, the cobordism Wp from YptoY has 
62 = 1, containing a surface E with E • E = —p. Now, if s is any Spin'^ structure over 
Wp, then we have that 

(Ci(5),5) = -p+2j, 

and indeed the integer j uniquely characterizes s. Fixing the restriction of the Spin"^ 
structure to Yp fixes the congruence class of j (mod p). By the dimension formula, the 
map F^^^^ shifts degree by 

p-{2j -pf 
4p 
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When J ^ (mod Z) (and this is equivalent to the assumption that t 7^ Q(to))) there 
is a unique maximal such dimension shift for all Spin^ structures with given restriction 
to Yp, which is found by letting i be the representative of its congruence class with 
< i < p. Indeed, according to Lemma 7.10, writing s\Yp — Q{\), we have that 

2i = (ci(t),i/) (mod2p), 

so the maximal dimension shift is given by —d{L{p, (compare Equation (14)). 

It is now easy to see (using the fact that the Fy^^ ^ are all isomorphisms, and since the 
^Wp s induced from the maps on HF°°) that that the dimension £ of the kernel 

of F3 is given by 

2e = d{Y) - d{Yp, Q(t)) + d{L{p, 
where (ci(t),i7) = 2i (mod 2p). In the present case, since Y = S^, d{Y) = 0, we see 
that i satisfies Equation (22). 
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8. Calculations 

We have seen several general results obtained by combining the absolute gradings 
with the surgery long exact sequences. In the present section, we calculate the Floer 
homologies for a number of three-manifolds using these techniques. More calculations 
will be given in [23] . 



8.1. Surgeries on torus knots, revisited. We begin with the trefoil. 

The Alexander polynomial for the trefoil is T — 1 + T~^, so to = 1) and all other 
ti — 0. Let Yq denote the manifold obtained by 0-surgery on the right-handed trefoil. 

Recall that -1-5 surgery on the right-handed trefoil gives rise to the lens space L(5, 4). 
Thus, it follows from the long exact sequence (as apphed in Theorem 7.2) that 

( Z if A; = 1/2 (mod 2) and k > -3/2 
(24) HF+{Yo,So) = < Z if A; = -1/2 (mod 2) and A; > -1/2 

[ otherwise 

and HF~^(Yo,s) — ii s Sq. Letting 7 e Hi{Yo, Z) be a generator, the action by 7 is 
an isomorphism HFj}'{Yo,So) — > HF,^_^{Yo,So) ii k = 1/2 (mod 2) and k > 1/2, and 
the action is trivial otherwise. 

Recall that if p, q, and r are a triple of relatively prime integers, then the Briskorn 
variety V{p,q,r) is the locus 

V{p, q, r) = {{x, y, z) e C^\xP + yi + z'' ^0, + jyl^ + \z\'^ = 1}. 

The Brieskorn sphere E(p, q, r) is the homology sphere obtained by V{p, q, r)r\S^ (where 
C is a standard three-sphere). This three-manifold inherits a natural orientation, 
as the boundary of V{p,q,r) fl (which in turn is a manifold away from the origin). 
Now, with these orientation conventions, the three-manifold obtained as +1 surgery 
on the right-handed trefoil knot is — E(2,3, 5). Another apphcation of the long exact 
sequence, this time with +1 surgery, shows that 

Z if A; is even and k > 



Moreover, 

U: i/F+(-S(2,3,5)) ^i/F+.2(-S(2,3,5)) 

is trivial when A; = 0, otherwise it is an isomorphism: i.e. (i(— S(2, 3, 5)) = —2 and 
i/F,ed(-S(2,3,5)) = 0. 

Now, the Brieskorn sphere S(2,3,7) is obtained as —1 surgery on the right-handed 
trefoil. The exact sequence for —1 surgery now reads: 



> //F+(E(2,3,7)) > HF+{Yo) > HF+(S^) 
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Since ifF^(S'^) = for all A; < 0, the generator of HF^^^^{Yo,s) must come from a 
generator of i/F+i(E(2, 3, 7)). Thus, we get that 

{Z if A; is even and A; > 
Z ifA; = -l 
otherwise 

Moreover, //Fred(E(2, 3, 7)) has rank one and rf(S(2, 3, 7)) = 0. 

Indeed, in a similar vein, we can consider the manifold obtained by — n-surgery on 
the right-handed trefoil for any negative integer —n. Applying the long exact sequence 
for surgeries with negative integer coefficients, we get again that HF^^{Z_n,s) ~ for 
each s 7^ (5(so), while 

{Z if A; is even and A; > 
Z ifA; = -l 
otherwise 

with d(Z_„, Q{sq)) — 0. This gives an alternate calculation of Proposition 8.2 from [21], 
in view of the fact that = —Yn-, and that in [21], the surgery was performed on the 
left-handed trefoil. Indeed, even when n is even, we get an explicit characterization of 
the Spin'^ structure Q{sq)i justifying Remark 8.7 of [21]. 

To calculate fractional surgeries on the right-handed trefoil, we must first understand 
HF ^{Yn\ "L/nL), for a surjective representation Z = H^^Yq^Tj) — > 'L/nL. For this, we 
apply the long exact sequence for positive integer surgeries with twisted coefficients, c.f. 
Theorem 10.23 of [20]. (Actually, there we considered the universal twisting, Larent 
polynomials in T, whereas here we specialize to Z/nZ twisting, but the proof there 
works for any specialization.) The long exact sequence in this context reads as follows: 

... — >HF_+{Yq,Sq) — > /JF+(L(5,4),g(so))[Z/nZ] — > HF+(S^)\Z/nZ\ — > ... 

In the above notation, if A is a Z-module A[Z/nZ] denotes the induced Z[Z/nZ] module 
A ®i 'L\^/rW\. Of course, as a Z module, this is simply a direct sum of n copies of A. 
Recall also that HF^{Yn,5(^) = Z for all A; = i (mod 1). It follows then that 

{Z if A; = 1/2 (mod 2) and k > 1/2 

Z if A; = -1/2 (mod 2) and A; > -1/2 

Z'^^Z[Z/nZ] if A; = -3/2 

otherwise 

Now applying the exact sequence for 1/n surgeries for positive integers n, we get that 

Z if /c is even and A; > 
HF+{Zyn) = { Z" if A; = -2 
otherwise 



48 



PETER OZSVATH AND ZOLTAN SZABO 



and d{Zi/n) = —2. Observe that Zi/n is the Brieskorn sphere — S(2, 3, 6n — 1). Similarly, 
using the sequence for — 1/n surgeries, we get that 

{Z if /c is even and k >0 
Z" ifA; = -l 
otherwise 

with d{Z_i/n) = 0. Note also that ^ S(2, 3, 6n + 1). 

The key point which facilitated the above calculation was that some positive integral 
surgery on the trefoil gives rise to a lens space. More generally, we have the following: 

Proposition 8.1. Let K (Z — Y be a knot with the property that some +p surgery 
on gives a lens space, and let Yq denote the three-manifold obtained by 0-surgery 
along K. Then, for each i 0, 

HF+{Yo{K),i) ^ Z[C/]/C/*' 

as a 7j[U] module, which is annihilated by the action of Hi(Yo;'E), where ti — ti{K). 
Fori = 0, HF+{Yq,0) is a quotient of HF°°{Yo,0), and 

1 1 

d-i/2{Yo) = -- and di/2{Yo) = - - 2^0- 

Moreover, we have that 

oo 

d(Yi/r,) ^ -2to and N{Yyr.) ^ (n - 1) ■ to,+2nJ2ti 

i=l 

while 

oo 

d(y_i/n) = and N{Y^i/n) ^n-to + 2n^ti. 

i=l 



Proof. The statement about Yq follows from the integral surgeries long exact sequence, 
as apphed in Theorem 7.2. The statements about Kti/„ then follow easily from the 
fractional surgeries long exact sequences, as above. □ 

Note that the above proposition applies to arbitrary torus knots: fix relatively prime 
positive integers p and q, and let Kp g denote the right-handed (p, q) torus knot. It 
follows from Kirby calculus that some positive surgery of along Kp^g always gives a 
lens space. Recall also that the Alexander polynomial of Kp g is given by 

(26) A, (r) = r'^;'-^'!;-^°> 

The ti{Kp^q) can be calculated from this in the obvious way. 

Indeed, there are other knots satisfying the hypothesis of Proposition 8.1, including, 
for example, the (—2, 3, 7) pretzel knot (see [8] for this and more examples). 
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8.2. Surgeries on the figure-eight knot. Using the Borromean rings as a stepping- 
stone (compare [10]), we can calculate HF~^ for fractional surgeries on the figure eight 
knot. 

Following notation from [10], let M{p, g, r} denote the three- manifold obtained from 

S*^ by surgeries on the Borromean rings with coefficients p, q, and r. It is an exercise 
in Kirby calculus to see that M{p, 1, —1} is the manifold obtained by p-surgery on the 
figure eight knot in S^, while M{p, 1, 1} is p-surgery on the right-handed trefoil. In 
particular, M{-1, 1,1} = S(2, 3, 7). 

Proposition 8.2. The manifold M{— 1, 0, 1}, which is zero-surgery on the figure eight 
knot has 

{Z if k = \ (mod Z) and k>\ 

Z®Z ifk^-\ 
otherwise 

Moreover, d_i/2 = —1/2 and di/2 — 1/2. 

Proof. Use the long exact sequence for the three-manifolds 

S'^M{-l,oo,l}, M{-1,0,1}, M{-1,1,1}^E(2,3,7), 
and Equation (25). □ 

Proposition 8.3. Let denote the three-manifold obtained by 1/n-surgery on the 
figure eight knot in (with integral n > 0). Then, 

{Z ifk = (mod 2) andk>0 
Z" z/A; = -l 
otherwise 

Moreover, d{En) — 0. 

Proof. Using the surgery exact sequence for the three-manifolds 

M{-1,0,1}, M{-l,oo,l}, M{-1,1,1} 
with twisted coefficients (in Z[Z/nZ]), we see that 

{Z if A; = I (mod Z) and > i 

ZeZ[Z/nZ] ilk^-\ 
otherwise 

The result then follows from the 1/n surgery exact sequence. □ 
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8.3. Connected sums. We remark that more examples can also be constructed using 
the connected sum theorem for HF^ (see Theorem 13.1 of [20]). 

For example, it follows easily from Equation (25) (together with the usual long exact 
sequence relating HF" and HF'^, Equation (3)) that ifF~(E(2, 3, 7)) is generated as a 
Z[C/]-module by a generator a G iJFr2(S(2, 3, 7)) (with U -a = 0), and a free summand 
generated by an element 6 £ i7Fr2(S(2, 3, 7)). It follows from the connected sum 
theorem that for 

y = S(2,3,7)#S(2,3,7), 

HF~{Y) is generated as a Z[t/]-algebra by elements 

{e®e),{a®a),{a®e),{e®a)&HFZ2{Y), and {a * a) & H FZ^{Y)] 

and, with the exception of {6^6), all of the other generators are annihilated by U. 
Dualizing again, we see that HF^(Y) is generated by three elements in HF^i{Y), and 
one in HF^2{Y), in addition to the chain of generators coming from HF°°{Y) (bearing 
in mind that d{Y) = 0). 

8.4. The three-torus. 

Proposition 8.4. LetT^ denote the three-dimensional torus. Then, wehave Hi{T^]1a)- 
module isomorphisms: 

HF+{T^) ^ [h'^{T^-'L)®H^{T^-'L)^®^Z[U-\ 

The absolute grading is symmetric, in the sense that gr(i7^(T^;Z) C HF{T^)) = 1/2, 
gr{H^{T^;Z) C HF{T^)) = -1/2. 

Observe that HF°°{T^) is smaller than H F°° {i^^ {S^ x S'^)) . By analogy with Seiberg- 
Witten theory, this corresponds to the singular reducible in the character variety, giving 
rise to a center manifold picture, compare [17] and [18] . 

Proof. This, too, is proved by considering surgeries on the Borromean rings, con- 
tinuing notation from the previous section. We find it most convenient to calculate 
HF, first. Since HF(M{1, 1, 1}) = Z which is supported in dimension —2, and 
HF(M{l,l,oo}) — HF{S^) = Z (supported in dimension zero), it follows from the 
surgery exact sequence that HF{M{0, 1, 1}) = Z©Z, where the generators have degree 
-1/2 and -3/2. Since 6i(M{0,0,l}) = 2, it follows from Theorem 11.1 of [20], that 
for each k, HF^{M{0, 0, 1}) = Z © Z. Thus, another application of the surgery exact 
sequence, for the triple M{0, oo, 1} = 5"^ x 5"^, and M{0, 0, 1} and M{0, 1, 1}, gives us 
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that HF{0, 0, 1} = © Z^, with two generators in dimension and two in dimension 
-1. 

Our final surgery exact sequence is appUed to the triple M{0, 0, oo} = #^(5'^ x S"^), 
M{0,0,0} = T\ and M{0,0, 1}. RecaU that HF{i^\S^ x S^)) = Z © © Z in 
gradings 1, 0, and —1 respectively. In this case, the surgery long exact sequence does 
not uniquely determine the groups HF{T^). so we proceed as follows. 

For simplicity, we will work over a field F. Observe first that for each degree i, 
HFi{T^,¥) = HF_i{T^,¥), since admits an orientation-reversing diffeomorphism. 
The long exact sequence then implies that 

HF{T^) = ^ © ^ 

(in degrees 1/2 and —1/2), where A is a F-vector space of dimension < 3. Now, from 
the long exact sequence associated to the triple {HF, HF'^ , HF'^), and since HF is 
supported in only two consecutive dimensions, it follows easily that HF~^{T^,¥) = 
{A © A) ®F and also that HF^{T^, F) ^ (A © A) ®f U-^]. 

We argue that the dimension of A can be no smaller than 3, with the help of the 
calculation of HF °° in the completely twisted case (Theorem 11.3 of [20]). This gives 

HF°°(T^, ¥[H^{T^; Z)]) ^ ¥[U, U'^] 

as a module over the ring of Laurent polynomials F[if^(T^; Z)]. Now, we have an 
identification 

CF'^{T\¥)'^CF_^{T\¥[H\T^-Z)])®nH^{T^M F, 
giving rise to a universal coefficients spectral sequence 

Tor^[HHT3;Z)](Sr(r';F[^'(r';^)])) ^ HF,+,{T\¥). 

Clearly, TorF[^i(r3.2)](F) = H^{T^;¥). Thus, the E2 term in the spectral sequence has 
the form: 

F F^ F^ F 

F F^ F 




In particular, the only possible non-trivial differential is cis from the leftmost to the 
rightmost columns, giving a lower bound of 3 on the dimension of A. 

Together with our previous upper bound, it follows that the dimension of A is three. 
The proposition with Z coefficients then follows easily from the above statement, using 
fields Q and Z/pZ for all primes p. □ 
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We can calculate HF ^jT^) for completely twisted coefficients by modifying the above 
techniques. To state the answer, observe that there is a canonical map 

e: ¥[H^{T^]Z)] — > Z, 

which sends all of H^{T^] Z) to 1. 

Proposition 8.5. There is an identification of Z[H^{T^;Z)]-modules: 

ifk = 3/2 {mod 2) and k> 3/2 

ni7+(T^ .\^) z//c = 1/2 (mod 2) and k > 1/2 

HFLk{T ,5o)= <; ^^^^ ifk = -l/2 

otherwise. 

Let L(ti, ...jtfo) denote Laurent polynomials in h variables, so that if Y has ffist Betti 
number 6, then Z[i7^(y;Z)] = L(ti, ...,tf,). In this notation, then, kere for consists 
of Laurent polynomials f{ti,t2,ts), with /(1, 1, 1) = 0. 

Lemma 8.6. Identifying Z[if^(M{0, 1, 1})] = L(t), we have an identification o/L(t)- 
modules: 

Z ifk = -1/2 {mod 2) and k > 
HF+{M{0,1,1})^{ h{t) ifk ^-3/2 

otherwise 



Proof. Consider the twisted surgery sequence for HF connecting M{oo, 1, 1} = S^, 

M{0, 1,1}, and M{1, 1, 1} ^ -S(2,3,5). It follows that HF{M{Q, h 1}) = L(r) © 
L(T), generated in dimensions —1/2 and —3/2. 

In general, it follows from the long exact sequence relating HF and HF^ that if 
HFy.(Y) = for all k > m, then the map U : HF+JY) — > HFf ^ (Y) is an isomor- 
phism for all i >m; i.e. HFj (Y) = HF_f{Y) for all j > m — 1. Applying this principle 

to the above calculation of HF {M{0, 1, 1}), and the general calculation of HF °° (Y) 
from Theorem 11.3 of [20], the lemma follows. □ 



Lemma 8.7. 

( Z ifk = l (mod 2) andk>l 

ffF+fMlO^O, 11) = I ifk = Q (mod 2) or A; < -2 

\ Z©L(ti,i2) ifk^-1. 

Moreover, the reduced homology group consists of only L,{ti,t2) in dimension —1. 

Proof. Using the long exact sequence for HF connecting M{0, 1, oo} = 5"^ x 5"^, 
M{0,1,0}, and M{0, 1, 1}, it follows that SZfe(^{0, 1, 0}) = for all k ^ -1,0. 
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It then follows that HF_'l{M {0,1,1}) has the claimed form in all dimensions except 
possibly k = —1. Let /i denote the map 

/i : HF-^{M{0, 1, l})[t2, t^'] HF-^{M{0, 1, oc})[t2, t^']. 

Around A; = — 1, we have the exact sequence reads: 

(27) (Im/i) n L(t2) Ut2) HF_U{M{0, 0, 1}) Uti.h) 0, 

where we use the identification HF ^ ^ ir,{M{0, 1, oo})[t2, ^] = IL(t2)- Observe here that 
the variable ti corresponds to a generator for the cohomologies oiS^xS"^ and M{0, 1, 1}, 
while t2 corresponds to a new generator in if^(M{0, 0, 1}). 

We claim that the cokernel of the first map in the above exact sequence is Z. To see 
this, observe that, U induces an isomorphism 

HF_t,2{M{0, 1, 00})[i2, ^2 = ffi+_i/2(^{0, 1, 00})[t2, ^2 '] 

which gives an identification of submodules 

(Im/i)n^3+2(M{0,l,oo})[t2,t2'] = (Im/i)n^+_,/2(M{0,l,oo})[t2,t2'], 
in view of the fact that multiplication by U also induces an isomorphism 

HF_u,2{M{o, 1, mh,t2^] - ^j_i/2(M{o, 1, mh,t2\ 

Thus, we get an identification between quotients modules 

gF3+,(M{0,l,oo})[t2,t2-^] ^ ffF+,^,(M{0,l,oo})[t2,t2-^] 

(Im/i)n^+2(M0,l,oo})[t2,t2"'] ~ (Im/i)n^+_,/2(^{0,l,oo})[t2,t2"'] 

^ gF+(M|0,0, Ij) 
^ Z. 

Thus, the exact sequence in Equation (27) shows that 

^_i(M{0, 0, 1}) ^ Z e L(ii, ^2), 

as claimed. 

□ 

Proof of Proposition 8.5. From the surgery long exact sequence for HF applied to 
the triple M{0, 0, oo} ^ #^(^1 ^ ^2^^ ^^^^ q| ^ ^"3^ ^^^^ g, 1}, it follows that 

HFLkiT'^) = for aU k > 1/2, so HF+{T^) ^ HF'^^iT^) for all k > 1/2. Again, the 
orientation-reversing diffeomorphism of shows that HF 3/0 (7"^) = HF^ /^jT^) = 0, 
and thus that HF+(T^) = for all k < -3/2. 
Thus, it remains to identify HF^_i/2{T^)- 
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The long exact sequence gives 

(28) > HF+ ^ JT^) . L(t3)®L(ti,t2,t3) Uh) > 0, 

where the last map is the restriction of 

/+: ^+(M{0,0,l})[i3,i3"'] ^ffi+W0,0,oo})[i3,i3"'] 

to the part in degree —1 (c.f. Lemma 8.7). 

We claim that if we further restrict /+ to the summand L(t3) C I^it^) © L(ti,t2,^3), 
i.e. HF°^^(M{0,0,oo\) C HF^ ^CMjO, 0, ool), then that restriction is an injection 
with cokernel Z. To see this, observe that the map induced on HF °° , f°° has some 
component g'^ which preserves Z-degree, and all the other components are translates 
of (7°° by various powers of the [/-action. 

In view of this, the kernel of f^^ is identified with the kernel of the induced surjection 

^2, ^3) ^ Z ^ Coker {f-i\ut,)) ■ 

Any such surjection must carry ti, ^2, and to units in Z, and hence its kernel must 
be identified, as a L(ii, ^2, i3)-module, with ker e. □. 

8.5. The skein exact sequence and some pretzel knots. Let y be a three-manifold 

which is obtained by surgery on a knot C S^. Suppose that D C is an embedded 
disk in which meets in a pair of intersection points, but with opposite sign. 
There is a projection of for which the two strands passing through D project to a 
crossing which is "positive" in the usual sense of knot theory (see Figure 4). Now, let 
be a new knot obtained from by changing the over-crossing to an undercrossing. 
Let y+ = Sf{K^), yi = Sf{K^), and let Yq denote the three- manifold obtained as a 
surgery on K^, followed by 0-surgery on the curve 7 = dD. By handlesliding K 
over 7, we see that Yq could alternatively be thought of as surgery on followed 
by 0-surgcry on 7. Indeed, if K' is obtained from K'^ by twisting an arbitrary number 
of times about D, the manifold obtained as surgery on K' followed by 0-surgery on 
7 is diffeomorphic to Yq. (Note that the manifold Yq has an alternate description as a 
sewn- up link complement: let Li and L2 be the two components of the link obtained as 
the self-connected sum of K using some arc in D, then Yq is an identification space for 
— Li — L2, as observed in [15]. However, this alternate description will not be used 
in the present discussion.) 

There is a long exact sequence of the form 

.. > HF+{Y_) > HF+{Yq) > HF+{Y+) > ... 

Indeed, this is a special case of the general surgery long exact sequence (Theorem 10.12 
of [20]), in view of the fact that Y^ is obtained from Y_ by a -|-1 surgery on the curve 
7 (as can be seen by handle-slides over 7). Long exact sequences of this kind were 
introduced by Floer for his instanton homology (see [11] and [4]). The analogy with 
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Y )£r y 

A A 

Figure 4. Knot crossings for the skein exact sequence. The knot 

crossing on the left is a "positive crossing" while the one on the right is 
a "negative crossing". In the middle, we have pictured a portion of K^, 
together with the curve 7. (The disk D appearing in the above discussion 
is the obvious small disk bounding 7.) Note that the sign of the crossing 
is independent of the orientation on the knot. 

Conway's "skein relations" for the Alexander polynomial (and its various quantum 
generalizations), should be evident. 

Observe also that we have stated a simplified form: the sequence holds with arbitrary 
integral surgery coefficient on (provided that we perform the same surgery over K^, 
and the component to obtain Iq); it also holds if the knot we choose is a single 
component of a Kirby calculus link. 

Under favorable circumstances, we can use this "skein exact sequence" to calculate 
i7F+ of three-manifolds. We illustrate this for three-stranded pretzel knots, with odd, 
positive multiplicities. 

Let a, b and c be any three integers, and let P(a, b, c) denote the pretzel knot with with 
three tassels, with a, b and c crossings, counted with the sign conventions of Figure 4, 
respectively. For example, P(l,l,l) is the right-handed trefoil, P(— 1,— 1,— 1) is the 
left-handed trefoil, P(— 1, 1, c) is the unknot, and P(— 1, — 1, 3) is the figure eight knot. 
(See Figure 5.) 

Proposition 8.8. Let i, m, and n be three non-negative integers, and let Y{£,m,n) 
denote the three-manifold obtained as 0-surgery on the pretzel knot P{2£-\-l, 2m-\-l, 2n-\- 
1). Then, 

( Z^+i if -3/2 
HF+{Y) = I Z if k> -1/2 andk = \ (mod Z) , 

I otherwise, 

where A = mn -\- in -\- im -\- i -\- m -\- n. In fact, (i_i/2(i^) = —1/2 and di/2{Y) = —3/2. 

We find it convenient to pass through HF. We calculate HF for an auxiliary three- 
manifold before proceeding to the proof of Proposition 8.8. Let Y{i,m, *) denote the 
three-manifold which is obtained by surgery on P{2i -\- 1,2m -\- 1, 1), and then 0- 
surgery along an unknot 73 which circles the third tassel. In this notation, the skein 
exact sequence reads 



^ HF{Y{0,0,-1)) > HF{Y{0,0,*)) > HF{Y{0,0,0)) 
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Figure 5. The (3,3,1) pretzel knot. This is the pretzel knot (3, 3, 1) 
with the above notation. 

Observe that if we choose £, m and ^\m' so that ^ + m = + m', then there is an 
identification Y{C.,m,*) = Y{£',m',*). To see this, observe that each twist along the 
second tassel can be thought of as — 1-surgery on a standard curve 72 which goes around 
that tassel. Handlesliding 72 over 73, we obtain a curve 71, with framing —1, which 
circles the first tassel, which we can then remove, hence trading twists along the second 
tassel for twists along the first. 

Lemma 8.9. Fix non-negative integers £ and m. Then, 



Proof. We set £ = 0, and fix an arbitrary field F. We prove that i7Ffc(F(0, m, *)) 
(with coefficients in the field F, which we suppress from the notation) has rank £+m + 2 
in dimensions /c = and —1, and has rank in all other degrees. 

To this end, we claim that there is a skein exact sequence, which reads: 



where the middle term HF(T^) was calculated in Proposition 8.4. (Though we remind 
the reader that we are using coefficients in F.) 

To see this, observe that for any m, we can use handleslides (over 72) to pass from 
the link P(l, 2m+ 1, 1) U72U73 (all with framing zero) to the link P(1,-1,1)U72U73, 
which is the Borromean rings. This identifies the middle term with HF'^{T^). 




HF{Y{0, m, *)) HF{T^) ^ HF{Y{0, m + 1, *)) 
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Moreover, it also follows that Y{0, 0, *) is the three-manifold M{0, 0, 1} in the nota- 
tion of Section 8.2. Thus, when m = 0, the lemma was established during the proof of 
Proposition 8.4. 

For the inductive step, the inductive hypothesis and the skein exact sequence sequence 
clearly give that HFk{Y(0, m+1,*) for all k ^ -1, 0. Moreover, substituting H'^(T^) 
and H^{T^) for HFi/2{T^) and HF_i/2{T^) respectively into the surgery long exact 
sequence, we get exactness for: 

G G 

— > H'^iT^) -X iLFo(V'(0,m + 1,*)) — ^ F"*+2 H^{T^) —1 iJF_i(r(0, m + 1, *)) 

Observe that if 5 is a curve which links 7 once (i.e. a copy of the curve along which 
we perform the surgery to go from to y(0, m -|- 1, *)), then the map G annihilates 
the image of 5 ■ HF{T^) (this follows from the fact that G is induced by cobordisms, 
together with naturality of the i^i-action); but this image is two-dimensional inside 
H^{T^). Thus, the rank of Fq is either two or three. 

On the other hand, the following diagram commutes 

^o(>'(0,m + l,*)) > HF+{Y{0,m+l,*)) 

Fo 

HF_,„{T^) HF+^^,{T'), 

and since HFkiY) = for all A; > 0, it follows that 

HF+{Y{0, m + 1, *)) ^ HF^{Y{0, m+1, *)) ^ F^. 

This rules out the possibility that Fq surjects. 

It follows then that the rank of HFQ{Y{0,m + 1, *)) is m + 3. This in turn forces 
HF_i[Y{0, m+1, *)) as well (since all other groups are zero, and the Euler characteristic 
of HF is trivial). Thus, we have established the lemma for all m. Since the field F 
was arbitrary, the case of integer coefficients follows immediately from the universal 
coefficients theorem. 

Since Y{i, m, *) = y (0, £ + m, *), the lemma follows for all non-negative i and m. □ 



Proof of Proposition 8.8. 

As usual, we fix an arbitrary field F. We prove for all non-negative £, m, and n that 

F^+i if A; = -1/2 or -3/2 
otherwise. 



(29) HFk{Y{e,m,n)) 



where, as before, A = mn + in + im + £ + m + n. 

To estabhsh Equation (29) for three-manifolds with ^ = m = 0, we proceed as follows. 
Observe that Y(-l,0,n) ^ x S'^ (since P(-l, l,2n+ 1) is the unknot; indeed, the 
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curve 73 is not linked with P(— 1, 1, 2n + 1)), giving a skein exact sequence 

... > HF{S^xS^) — ^ HF{Y{*,0,n)) HF{Y{0,0,n)) > ... 

In view of Lemma 8.9, we get that 

HF_y2iS^ X S^) = ¥ F"+2 HF_3/2{Y{0,0,n)) > 

Letting 5 be a curve hnking the surgery curve 7, we have once again that G_i annihilates 
the image of the 5-action on HF{Y(*,0,n)). Observe that image of that action is 
non-trivial: this follows easily from the fact that the Hi action on 0, n)) 

is non-trivial. Thus, HFs/2{Y(0,0,n)) = F""*"^. Next, let e be a curve linking the 
pretzel knot, so that it represents non-trivial homology classes in both Y{0,0,n) and 
Y[*, 0, n). The map F is equivariant with respect to action by e, and since the generator 
of HF_i/2{S^ X S"^) lies in the image of this action, it follows that the map F1/2 is 

injective. It then follows immediately that HFk{Y{0,0,n)) has the stated form for all 
k. 

Having established Equation (29) for Y{0,m,n) with m = 0, we prove the equation 
with i = and arbitrary m, n by induction on m. In this case, the skein exact sequence 
reads: 

... > HF{Y{0,m.n)) — ^ HF{Y{0,*,n)) HF{Y{0,m + l,n)) > 

showing that HF{Y{0, m -|- 1, n)) is supported in dimensions k — —3/2 and k — —1/2. 
Thus 

HF_i/2{Y{0,m,n)) F"+2 , HF _^i2{Y{Q,m + l,n)) > ^mn+m+n , q_ 

We claim that the image of -F_i/2 is no more than one dimensional, by the commu- 
tativity of the following diagram: 

^_i/2(r(0,m,n)) > HF+^^^{Y{0,m,n)) 

HF_i{Y{0,*,n)) > HF^i{Y{0,*,n)) 

bearing in mind that, since HFk{Y{0,m,n)) = for all k > 1/2, we have that 
HF+y2{Y{0,m,n)) ^ HF^y2{Y{0,m,n)) ^ F; and also, since HFk{Y{0,*,n)) = 

for all k < —1, the natural map from HF-i(Y{0,*,n)) to i?Fj"i(F(0, *, n)) is an iso- 
morphism. 

On the other hand, the image of F_i/2 is no less than one dimensional. Letting S 
be a curve linking 72, it is easy to see that HF_i[Y[0, *n)) contains an element in the 
image 6 ■ HFo{Y{0,*,n)). 

Thus, we have shown that the rank of HF^^^^(Y{0, m+1, n)) is (m-|-l)n-|-(m-|-l)-|-n. 

Since the ranks of HFj^{Y{0,m + l,n)) agree for k — —1/2 and k — —3/2, we have 
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established Equation (29) for three-manifolds of the form y (0, m, n) for arbitrary m 

and n. 

This same argument is easily modified to give the inductive step (on £), establishing 
Equation (29) for all non-negative £, m, and n. 

Going from Equation (29) to the corresponding statement with coefficients in Z fol- 
lows, as usual, from the universal coefficients theorem, while going from Equation (29) 
to the proposition (using HF~^) is now a straightforward application of the long exact 
sequence relating HF(Y) with HF^{Y). □ 
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9. Negative-definite intersection forms of smooth four-manifolds 

The aim of the present section is to use the maps associated to cobordisms to give 
restrictions on intersection forms of smooth four-manifolds. 

We begin by giving another proof of the celebrated diagonalizability theorem of Don- 
aldson [6]. The proof parallels the Seiberg-Witten proof, though the discussion of 
reducibles is replaced with the behaviour of the maps on HF°°. In Subsection 9.2, we 
give generalizations for four-manifolds-with-boundary, which use the correction term 
d{Y) for the boundary, in the spirit of Fr0yshov [12]. In Subsection 9.3, we give further 
generalizations for four-manifolds which bound three- manifolds with larger hiiY). As 
an apphcation of these inequahties, we give another proof of the "Thom conjecture" for 
CP^ in Subsection 9.4. 

9.1. Intersection forms of closed, smooth four-manifolds. In the present subsec- 
tion, we give another proof of of the following result: 

Theorem 9.1. (Donaldson) If X is a smooth, closed, oriented four-manifold with def- 
inite intersection form, then the form is diagonalizable over Z. 

The theorem follows from two propositions, regarding the map on HF°° induced by 
the addition of a two-handle. 

We say that HF°°{Y) is standard if for each torsion Spin^ structure to, 

i/F°°(y,to) ^ (A-'H^Y-Z)) (8)zZ[C/,C/-i], 

where b — bi{Y). 

Lemma 9.2. Let Y be a three-manifold with bi{Y) = b > 0, equipped with a torsion 
Spin'^ structure to- Then in each dimension i, we have that 

j:kHF°^{Y,io) < 2^-\ 

Proof. Consider the universal coefficients spectral sequence whose E2 term is 

Tor^f^.(^)](Z,Z)®^-(y,to), 

and which converges to HF°^j{Y, to). By the calculation of HF °^(Y, Sn) (Theorem 11.3 
of [20]), in each degree, the rank of the the E2 term is 2^~^. Now, the ranks of the Er 
are non-increasing in r, the inequality follows. □ 

Actually, the rank bound above holds with coefficients in any field F, in view of the 
identification Torj,[j:^i(^.2)](F, F) ^ A'Hi{Y;¥). 

Proposition 9.3. Let Y be closed oriented three-manifold, and K. gY a framed knot, 
framed so that the cobordism W{K) has b2{W{K)) = = 6^(1^(K)). Let s be a Spin" 
structure on 1^(K) whose restrictions to the boundary components Y andY{K), t and 
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i, are torsion. When K represents a non-torsion class in Hi(Y), then if HF°°(Y,i) is 
standard, then the induced map 

F-(K),,: HF^{Y,i) HF'^{Y{K),t) 

vanishes on the kernel of the action by [K], inducing an isomorphism on 

HF°°{Y,t)/KcT[K] = HF°°{Y{K),t). 

IfK represents a torsion class in Hi{Y) and HF°°(Y(K),t) is standard, then the map 

HF'^iY, t) — > HF°°{Y(K), t) 

induces an isomorphism between HF°°{Y,i) and the kernel of the action by [L] on 
HF°°(Y{K),l), where [L] e Hi(Y{K)) is the core of the glued-in solid torus. 

Proof. Suppose that HF°°{Y) is standard, and K C F is a framed knot whose 
underlying knot K represents a non-torsion homology class. Assume first that we are 
working with and HF°° with coefficients in a field, which we drop from the 

notation for simplicity. 

We find another framing on K, denoted K' with the property that Y and Y(K) fit 
into a surgery long exact sequence 

(30) ... , HF+{Y{K')) — HF+{Y) — ^ HF+{Y{K)) > 

where we use the general form of the exact sequence, as stated in Theorem 10.12 of [20]. 
(The framing K' is one bigger than the framing K.) Here, as usual, Fi and F2 are sums 
(taken with appropriate signs) of the maps induced by the two-handle additions. 

We have a splitting for each torsion Spin*^ structure t on F of HF°°{Y, t) = Ker[/r] © 
ker[fC]-'~, where KerffT] = lm[A'] is the kernel of the action by [K] G Hi{Y) on 
HF°°{Y,i) and ker[i^']-'- is a complementary subspace taken isomorphically to Ker[ii'] 
by multiplication by [K]. 

It follows from the fact that the knot K is torsion in 1^(]K) that F^^^-^ ^ vanishes on 
the image of the action of [K] on HF'^{Y,s\Y), for each Spin"^ structure 5 over VF(K); 
i.e. is trivial on the kernel of [K]. In fact, the induced map 

F^(j,),,: HF°°{Y,t)/Ker[K] HF^{Y{K),t) 

is injective, because if it had a kernel element, that would give ^ e HF°°{Y,t) with 
K ■ ^ so that -^^(K)fi(O — 0- Moreover, that element ^ would be in the kernel of 
^w(K) s' ^' ^ Spin'^(l^(K)) whose restriction s'\Y = t. (This is clear, by moving 

the basepoint z in the Hccgaard triple representing the cobordism from Y to y(K).) 
Thus, F2(^) = in the surgery long exact sequence. By taking preimage of ^ under a 
sufficiently large power of the U map, this would give rise to a non-zero element in the 
image of HF'^{Y{'K')) inside HF'^{Y) which does not lie in the kernel of the action by 
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[K\. But such an element cannot exist, since [K] annihilates the image of HF^{Y{K!)) 
(as K is torsion in the cobordism from Y{K!) to Y). 

Since, in each dimension k, the rank of HF^{Y,l) /K.ei[K] agrees with the upper 
bound of the rank of HF^{Y{K),{) given by Lemma 9.2 (here we are using the hy- 
pothesis that Y has standard HF°°), it follows that F^^-^-^ ^ is an isomorphism, and that 
HF^{Y{K)) is standard. 

To pass from field to Z coefficients in this case, we observe that the above proof 
actually shows that F^^.^^^ always gives an injection. Applying Lemma 9.2 with coeffi- 
cients in Z/pZ for each prime, it follows that HF°°{Y(K.), t) is a free module. Now, the 
fact that -^^(K) g is an isomorphism over Z follows easily from the universal coefficients 
theorem, together with the fact that F^^^-^ ^ is an isomorphism with coefficients in each 
Z/pZ. 

When K represents a torsion class in Y, from the previous arguments (letting y(]K) 
play the role of Y earher and Y(K') play the role of y(K)), we see that Ker[L] maps 
to zero in y(K'). In particular, it follows that there is an element of HF°°{Y, t) which 
maps to an element of Ker[L], which generates the submodule Ker[L] over the ring 
Z[U, U^^] ®i A*i7i(F(K); Z). From naturality of the maps of cobordism, it follows that 
^w{K)s surjects onto Ker[L]. Another appeal to Lemma 9.2 and the hypothesis on the 
standardness of HF°°{Y{K)) gives that the map is an isomorphism (with coefficients 
in any field, and hence with coefficients in Z as above). □ 

Proposition 9.4. Let Y he closed oriented three-manifold, and K C F a framed knot, 
framed so that the cobordism W{K) has 63 (I4^(K)) = 1. If HF°°{Y) is standard, then 
for each Spin'^ structure s over W{K) whose restriction to the boundary components Y 
and Y{K) is torsion, the induced map F^^^-^ ^ is an isomorphism. 

Proof. Let K' denote the same knot, endowed with a framing one greater than K, i.e. 
so that Exact Sequence (30) holds. Now, there are two cases. Either bi{Y(K')) = bi{Y), 
or bi(Y(K')) = bi(Y) + 1. In both cases, we consider the long exact sequence between 
y(IK), Y, and Y(K') (observing that all three maps are induced by cobordisms). 

When 6i(y(K')) = bi{Y), we claim that the cobordism from y(K') to Y has bt = 
1. Since the associated map shifts the absolute Z/2Z grading by one, and HF °° is 
supported in even degrees, it follows that the corresponding map on HF'^ must vanish 
(c.f. Lemma 8.2 of [22]). Thus, the image of HF+{Y{K')) inside HF+{Y) is finitely 
generated. Since HF~^(Y) is infinitely generated, it follows that the map on HF°° from 
Y to y(IK) must be injective. Restricting attention to Z/pZ coefficients where p is any 
prime, and counting ranks as in Lemma 9.2, it follows that the map from Y to Y[K.) is 
an isomorphism. We can then pass to Z coefficents as before. 

Assume that 6i(F(K')) = bi{Y) + 1, and again work with Z/pZ coefficients. The 
knot complement gives a natural representation H^{Y(K')) — > Z, which in turn gives 
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US a possible twisting of ifF°°(y (K'), Z/pZfT, T ^]). The twisted long exact sequence 
reads as follows: 

... — > HF+{Y{K))[T,T-^] — > HF+(Y(K').Z\T. T~^]) — > HF+{Y)[T,T-^] — > 

which we can further specialize to Z/pZ coefficients. If the map 

F-(K),,: HF^(Y,Z/pZ) HF^{Y{K),Z/pZ) 

had kernel, it would follow that HF_°^{Y{M!),Z/pZ[T,T-^]) would have (infinitely 
many) submodules with non-trivial T-action. But this contradicts the fact that the 
group H F °° (Y {K! ) , Z/pZ) with totally twisted coefficients has a trivial action by the 
group-ring Z/pZ[if^(F; Z)] (this follows easily from Theorem 11.3 of [20]). It follows 
that the map is injective and hence, by Lemma 9.2 (in view of the fact that 
i7F°°(y, Z/pZ, t) is standard), it is an isomorphism. Again, since this argument works 
for all primes p, the statement holds for integral coefficients as well. □ 

The proof of Theorem 9.1 relies on the following result of Elkies, see [7]. Recall that 

if 

Q:V®V — >Z 

is bilinear form over Z, then ^ e K is called a characteristic vector if for all v & V , 

Q{^,v) = Q{v,v) (mod 2). 
We denote the set of characteristic vectors for Q by 5((5). 

Theorem 9.5. (Elkies) Let Q be a negative- definite unimodular bilinear form over Z. 
Then, 

< max g({,0 +n, 
€es(Q) 

with equality if and only if the bilinear form Q is diagonalizable over Z. 

Proof of Theorem 9.1. Without loss of generahty, we can assume that hi{X) ~ 
(by surgering out the one-dimensional homology). We give X a handle decomposition 
with a unique zero- and four-handle, and let W be the associated cobordism from 
to S^. Decompose W = Wi U W2 U into its one-, two-, and three-handles. 
We claim that for any Spin*^ structure s over X, 

is an isomorphism. To see this, we think of W2 as given by a framed link L = Ki U 
... U in ^"'^{S'^ X S^) (where rii is the number of one-handles in X for our handle- 
decomposition), and let 

Yo = #"(^2 X S^),Y^ = Yo{K,),Y2 = Y.iK^), ...,Y^ = #"^(5^ x S') 

(where 713 is the number of three-handles in the handle-decomposition). We claim that 
since &2 (^) — 0) the restriction of Spin'^ to Yj, is always torsion, and also SH^{Yi; Z) C X 
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is trivial (otherwise, we would have a non-torsion two-dimensional homology class in X 
coming from H2(Yi), which therefore must have self-intersection number zero). Thus, 
we can view Fw2,s as a composite of the maps induced by each individual handle. 

Moreover, we claim that we can order the knots so that for i — l,...,a, 61 (1^) is 
decreasing, for i = a+ 1, is constant (and hence zero), and for i = a + 1, m, 

and for i = 6+ 1, m, 61 (Fj) is increasing. We call this a standard ordering. To achieve 
a standard ordering, we use two moves. 

If 

h{Y) < b,{Y{K^)) > h{Y{K, U K^)), 

then we can reorder the knots so that 

h(Y) > h(Y(K2)) < 6i(y(Ki U K2). 

To see this, observe that the inequality bi{Y) < bi{Y{Ki)) imphes that Ki is a torsion 
class in Y. It is our goal now to rule out the possibility that bi{Y) < 6i(y(K2)). If 
this inequality were satisfied, then it would follow that K2 is torsion in Y. Now, if Ki 
and K2 were unlinked, then K2 would be torsion in F(Ki) as well, contradicting the 
assumption that bi{Y{Ki)) < 6i(y(Ki U K2)). If Ki and K2 had linking number ij^O, 
then we would be able to find a pair of surfaces Fi, F2 G W^(Ki U K2) (by capping off 
the null-homologies of niKi and ^2/^2 in F — Ki U ^2) with Fi • Fi = 0, F2 • F2 0, 
and Fi • F2 = i, which contradicts 6^(iy(Ki U K2)) = 0. 
For the second move, observe that if 

6i(r) < 6i(r(Ki)) = 6i(r(Ki u IK2)), 

then we can reorder the knots so that 

61(F) = 6i(F(K2)) < 6i(r(Ki U K2)). 

To see this, observe that since the first Betti numbers of the three-manifolds do not drop 
in the first sequence, it follows that both Ki and K2 represent torsion classes in Hi{Y); 
moreover it also follows that Ki and K2 are unlinked. Thus, K2 bounds a Seifert surface 
which is disjoint from Ki. Since 6i(y(Ki)) = bi{Y(Ki UIK2)), the Seifert framing of K2 
does not agree with the prescribed framing IK2. It follows that bi{Y) = bi{Y[^2)), and 
hence also that 6i(F(K2)) < 6i(F(Ki U K2)). 

Clearly, by applying the above two moves as necessary, we can arrange for the knots 
to be in a standard ordering. 

It follows easily from the definition of the maps induced by one-handles that 

Fw,,,,{HF'^{S^io)) C HF'^{Yo,So) 

is the subgroup 

KeT[Ki]^ n ... n KeT[Kn]^ C HF'^(Yo,So). 
Now, since HF°°{Yo,s\Yo) is standard (Yq = #"(5*^ x S^)) successively applying Propo- 
sition 9.3 (in the case where the 6i(F(K)) < 61(F)), we see that HF'^{S^) is mapped 
isomorphically; moreover, by Proposition 9.4 the further composite IK^+i U ...K^ maps 
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HF°°{S^,tQ) isomorphically to HF°°{Yh,t\Yh). Successively applying Proposition 9.3 
(this time, in the case where the knots are homologically trivial), we see that the com- 
posite cobordism carries HF°°{S^, to) isomorphically to the subgroup of HF'^{Ym, t\Ym) 
which is annihilated by the action of ifi(y^). But it follows easily from the defini- 
tion of the maps induced by three-handles that this group is carried isomorphically to 
HF^iSMo) under ^^1^3. 

Since F^^^■^y is an isomorphism, and HF°°{S^,iQ) — > to) is surjective, it 

follows that 

F+^l^: HF^{S',io) //F+(5^to) 

is surjective; in particular, we can find some ^ e HF^{S^) so that -FW,s(C) ^^^d 
gi:{Fw,e{0) — 0- Thus, the dimension formula (Equation (4)) gives that 

' _ p(0 . c.(.r-2xW-3sgnW ^ cA^^HX) , „ 

This shows that for any characteristic vector for the intersection form of H'^{X), we 
have that 

^2 + n < 0. 

It follows then from Elkies' theorem cited above that the intersection form if^(X;Z) is 
diagonahzable. □ 

9.2. Intersection forms of definite four-manifolds bounding homology three- 
spheres. We give now the generalization of Theorem 9.1 to four-manifolds bounding 
rational homology three-spheres. 

Let y be a rational homology three-sphere and X be a four-manifold which bounds 
Y . The intersection form of X determines a non-degenerate bilinear form 

Qx ■■ {H2{X- Z)/Tors) ® {H^iX; Z)/Tors) Q. 

More precisely, the image lies in the subgroup 

Theorem 9.6. Let Y be a rational homology three-sphere, and fix a Spin"^ structure t 
overY. Then, for each smooth, negative-defi,nite four-manifold X which bounds Y, and 
for each Spin'^ structure s G Spin'^(X) with s\Y = t, we have that 

Ci{sf + rk{H\X;Z)) <4d{Y,{). 

Proof. We view X minus a point as a cobordism W from 5"^ to y, and proceed as in 
the proof of Theorem 9.1, to prove that for each Spin'^ structure 5 over X, 

//F~(5^to) HF°°{Y,t) 

is an isomorphism. Note that now the two-handles give rise to a cobordism to y#(#"^^ {S'^ x 
S^) which, again, has standard HF°°. The map 

F^3,,: HF^(Y#(#"^{S' x 5^)),t#to) HF^{Y,i) 
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induces an isomorphism from Kerffi(#"3(52 x ^i); Z) C HF^{Y^{^''^{S^xS^)), t#to) 
onto HF°°{Y, t), proving the claimed isomorphism. 

From this isomorphism, together with the commutative square 



HF^+iSMo) HF;^y^{Y,i), 

it follows that we can find an element ^ e HF'^(S^, to) with the property that gr(F^^(^)) ■ 
d{Y, t) . Thus, we conclude that 

□ 

As a special case, when Y is an integral homology sphere, the induced bilinear form 
takes values in Z, and it is unimodular. 

Corollary 9.7. Let Y be an integral homology three-sphere, then for each negative- 
definite four-manifold X which bounds Y , we have the inequality: 

Qx{^,0 + MH'{X;Z))<M{Y), 

for each characteristic vector ^. 

Proof. This is an immediate consequence of Theorem 9.6, with the observation that 
each characteristic vector for Qx is the first Chern class of some Spin'^ structure over 
X. □ 



Corollary 9.8. // Y is an integer homology three-sphere with d{Y) < 0. Then, there 
is no negative- definite four-manifold X with dX = Y. 



Proof. This is an immediate consequence of Theorem 9.6 and Elkies' theorem. □ 

Another consequence of Theorem 9.6 is the rational homology bordism invariance of 
d{Y,t). Let {Yi,ti) and (l2,t2) be a pair of rational homology three-spheres equipped 
with Spin'^ structures. We say that (Yi,ti) and (^2, 12) arc rational homology cobordant 
if there is a cobordism W from Yi to Y2 with H^{W] Q) = H^{S^ x [0, 1]; Q), which can 
be equipped with a Spin"^ structure s with s|yi = ti, and 51^2 = ^2. 
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Proposition 9.9. If{Yi,ii) and (1^2, t2) are rational homology cohordant (rational ho- 
mology three-spheres equipped with Spin'^ structures), then (i(Yi,ti) = d{Y2^i2)- In par- 
ticular, if (F, t) is a rational homology three-sphere which hounds a rational homology 
four-hall W , so that t can he extended over W , then d(Y, t) = 0. 



Proof. The proof of Theorem 9.1 shows that if is a cobordism from Yi to Y2 with 
= 0, then the map 

F^,: i/F°°(ri,ti) HF'^{Y2,t2) 

is an isomorphism. As before, it follows that 

for any Spin'^ structure s over W. When is a rational homology bordism, then the 
above formula gives d{Y2, 12) > d{Yi, ti). By reversing the orientation of W (and using 
Equation (9)), we see that d{Yi, ti) > d{Y2, {2), as well. □ 

Thus, d can be viewed as an obstruction to finding a homology ball bounding Y. 
Indeed, we have now all the ingredients for Theorem 1.2 stated in the introduction: 

Proof of Theorem 1.2. First, we observe that d depends only on the Spin'^ cobordism 
class of a rational homology sphere Y and Spin*^ stucture t; but this was established in 
Proposition 9.9 above. The fact that 0? is a homomorphism follows from this, together 
with the additivity of d under the connected sum operation, which was established in 
Theorem 4.3. The fact that d lifts the homomorphism p (defined in the introduction) 
follows immediately from the dimension shift formula for the absolute grading (Equa- 
tion (4)). Finally, conjugation invariance was estabhshed in Proposition 4.2. □ 

9.3. Intersection forms for definite four-manifolds bounding other three- 
manifolds. Constraints can be given on (semi-definite) intersection forms for four- 
manifolds which bound three-manifolds with bi{Y) > 0; wc will focus our attention 
primarily to the case where Hi(Y;Z) = Z. But first, we set up some terminology. We 
have the following easy consequence of Poincare-Lefschetz duality: 

Lemma 9.10. Let X be an oriented four-manifold with boundary Y, and let V denote 
the image of H'^{X,Y;'Z) in i7^(X; Z)/Tors. Then, the cup product descends to give a 
non- degenerate bilinear form 

Qx-V^V — >Z. 

When Hi{Y;Z) has no torsion, the associated bilinear form is unimodular. 

Proof. Non-degeneracy is an immediate consequence of the fact that the cup-product 
pairing 

U : H^{X; Z) /Tors ® H^{X, Y; Z) /Tors — > Z 
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is nondegenerate. 

To prove the second claim (assuming Hi(Y; Z) has no torsion), we let K denote the 
kernel of the natural map Hi{Y;Z) = H^{Y;Z) — > H^{X,Y;Z). Now, we get the 
following (split) short exact sequence 

' { fHHY-S ) H\X;Z)/Tors > K > 0, 

by considering the Mayer- Vietoris sequence, and using the fact that K has no torsion. 
Thus, we can choose bases for ^ ^5h^(y'iI) ) /Tors, a Poincare dual basis for its image 

under t, which we can then extend to a basis for H^{X; Z)/Tors by basis vectors which 

project to a basis for K. With respect to these bases, it is easy to see that l is represented 
by the intersection matrix Qx, augmented by a zero matrix. Now, since the cokernel 
of L has no torsion, Qx must be unimodular. □ 



Theorem 9.11. Let X be a smooth, oriented four-manifold which bounds a three- 
manifold Y with Hi{Y;Z) = Z. Let Qx denote the induced pairing on 

V^Iui {H\X, Y- Z) — > H\X; Z)) /Tors, 

and suppose that Q is negative definite. Then, if the restriction map H^{X]'L) — > 
H^{Y;'Z) is the trivial map, then for each characteristic vector^ forQx, we have that 

(31) Qx{i. + rk{V) < 4d_i/2(y) + 2; 

while if the restriction map i7^(X;Z) — > H^{Y;Z) is non-trivial, then for each char- 
acteristic vector ^, we have that 

(32) Qxii, + rk{V) < 4(ii/2(r) - 2. 

Remcirk 9.12. Of course, in the first case, rk(y) — TkH^(X) — 1, while in the sec- 
ond case, Tk(y) — rkH^{X). Indeed, in the second case, V = H'^{X,Y) /Tors = 
i/2(X)/Tors. 

Before turning to the proof, we state the above inequalities in the case where X has 
no two-dimensional homology. 

Corollary 9.13. Suppose that Y is a three-manifold with Hi{Y;Z) = Z. Then, if Y 
bounds an integral homology x D^, then c?_i/2(i^) > ~l/2; while if Y bounds an 
integral homology x S"" , then dii2{Y) > 1/2. 



Proof. Apply Inequalities (31) and (32), observing that in both applications, the 
right-hand-side is zero. □ 
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Proof of Theorem 9.11. Assume first that the restriction map H^{X; Z) — > H^iY', Z) 
is trivial. We proceed exactly as in the proofs of Theorem 9.1 and Theorem 9.6. First, 
we surger out all of bi{X) without affecting its intersection form. Then, we puncture 
X in a point and view the resulting space as a cobordism W from S^toY. Order the 
two-handles of W as in the proof of Theorem 9.1, and observe that since bi{Y) < 3, 
its HF°^ is standard (c.f. Theorem 11.1 of [20]). Thus, it follows from this that all 
the three-manifolds encountered in the sequence of two-handle additions have standard 
HF°°, so Propositions 9.3 and 9.4 apply. 
In this manner, we show that 

HF^{S\ to) HF^{Y,i) 

is injective, mapping onto the image of the action by 7 G Hi{Y; Z). Moreover, we have 
that x{W) = x{X) - 1, sgn(l^) = -Tk{V), bo{X) = 1, b^{X) = 0, b2{X) = rW + 1, 
b3{X) = rkH^{X,Y;Z) — 0, and b4{X) — 0; thus, the dimension formula implies that 
this degree is 

ci(5)^ + rk(l^) -2 
4 ■ 

In particular, since the generator of HF°°{Y, to) of degree (i_i/2 lies in the image of the 
7 action, Inequahty (31) follows. 

In the case where the map H^{X; Z) — > H^iY; Z) is non-trivial, we proceed as above, 
except that now we surger out one- dimensional homology in X until bi{X) = 1 and 
the map in remains non-trivial. In this case, the corresponding map F^^^^^ remains 
injective, only its image is complementary to the image of the action by 7 e Hi{Y; Z). 
Inequality (32) follows (bearing in mind that the first Betti number of the four-manifold 
is one). □ 

This proof also gives the following generalization of Proposition 4.11: 

CoroIIciry 9.14. Let K <zY he a knot in an integral homology three-sphere. Then, we 
have the following inequalities (where here n is any positive integer): 

di/2{Yo) - ^ < ci(n/(„+i)) < d{Yyn) < d{Y) 

d{Y) < d{Y_yr.) < t^(>^-l/(n+l)) < C?-l/2(l^o) + \. 

Furthermore, when Y , for all positive integers n, we have that 
di/2{Yo) -\ = d{Y,/^) < < d(y_i/„) = d_,/2{Yo) + \. 

Proof. Observe first that there are cobordism with h% — ^ connecting Fq to 
to Yxjn to Y to to y_i/n and back to Yq. 



70 



PETER OZSVATH AND ZOLTAN SZABO 



To construct the cobordism from Yq to Yi/(„+i), we first take the knot K C Y with 
0-surgery, and then perform surgery along an additional unknot Lq CY which links K 
once, given with framing — (n + 1). To go from there on to Yi/n, we perform another 
surgery along a knot Li which links Lq once, with framing —1. 

To go from Y_i to F-i/n, we start with K with framing —1, and we surger along linear 
plumbing diagram (of length A^), with each link given with coefficient —2. Surgering 
along one more linking circle (with coefficient —2) gives the cobordism to Y'_i/(„+i), 
while framing the linking circle with coefficient —1 gives the required cobordism to Yq. 

Moreover, in the cobordisms connecting Yq to Yi/n, the image of Hi{Yq) is non-trivial, 
while for the cobordism from to Yq, the one-dimensional homology bounds. The 

correction terms are always non- increasing under these cobordisms: for the first and 
last cobordisms, we use the proof of Theorem 9.11, while for the intermediate steps, 
we use the version given in Theorem 9.6 (the intersection forms for these intermediate 
forms are obviously diagonalizable, so an appeal to Elkies' result is unnecessary). 

The case where Y — then follows from Proposition 4.12. □ 

The most important ingredient in the proof of Theorem 9.11 is that HF°° of any three- 
manifold with bi{Y) = 1 is standard. Thus, Theorem 9.11 has obvious generalizations 
to any three- manifold Y with bi{Y) — 1; and there is also a version with bi{Y) — 2, 
which splits into cases according to the possible images of H^{X; Z) in H^{Y; Z). When 
bi{Y) > 2, however, the arguments run into difficulties, since HF°° need not be standard 
(e.g. when Y = T^), and hence the maps on HF°° induced by the cobordisms could be 
trivial. Indeed, it is also the case that the image of H^{X]'L) in H^{Y]'L) cannot be 
arbitrary: for instance, the cup product rules out the possibility of a four-manifold X 
bounding so that the map iJ^(X, Z) — > H^{T^; Z) has finite cokernel. 

However, Theorem 9.11 generalizes readily to arbitrary three-manifolds Y with stan- 
dard HF°°. To keep the notation simple, we state this only in the case where the 
restriction map on is trivial. 

Theorem 9.15. LetY be a three-manifold with standard H F°° , equipped with a torsion 
Spin"^ structure i, and letdb{Y,i) denote its "bottom-most" correction term, i.e. the one 

corresponding to the generator of HF°°{Y,\) which is in the kernel of the action by 
Hi{Y). Then, for each negative semi-definite four-manifold W which bounds Y so that 
the restriction map H^{W; Z) — > F[^{Y; Z) is trivial, we have the inequality: 

ci(5)2 + b:,{W) < Ad,{Y, t) + 26i(r) 

for all Spin'^ structures s over W whose restriction to Y is i. 



Proof. Follow the proof of Theorem 9.11. 



□ 
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9.4. The minimal genus problem in CP^. We give a proof of the Thom conjec- 
ture for CP^, based on the theory developed thus far. This result was first proved by 
Kronheimer-Mrowka [16] and Morgan-Szabo-Taubes [19]. The proof we give here is 
analogous to a Seiberg-Witten proof given recently by Strle, see [25]. 

Theorem 9.16. (Kronheimer-Mrowka, Morgan-Szabo-Taubes) LetT. C CP'^ be a smoothly 
embedded two-manifold, which represents m > times a generator H e i72(CP^;Z). 
Then, 

(33) - 3m < 2c/(E) - 2; 

i.e. the holomorphic curves in CP^ minimize genus in their homology class. 

The proof is based on the results from Section 9 on intersection forms (specifically, 
Theorem 9.15), together with the following calculation for circle bundles over two- 
manifolds. 

Lemma 9.17. Let Y be a circle bundle over a two-manifold, oriented as the boundary 
of a tubular neighborhood N of a two-manifold E with self-intersection number S • S = 
—n < 0; and indeed, suppose that n > 2g, where g denotes the genus ofJ^. Let u be the 
Spin'^ structure over N with 

{c^{u),[^) = -n + 2g, 
and t be its restriction to Y . Then we have an isomorphism o/ relatively graded groups 

HF+{Y,t) = HF+{i^^%S^ X S^),to), 
with the bottom-most generator of HF~^(Y,t) in degree 

I g"^ n 
4 n 4' 

Proof. Consider the integral surgeries long exact sequence (Theorem 10.19 of [20]) 

... > HF+{S^ X Eg) > HF+{#^9(^S^ X S'^)) > HF+{Y) > ... 

Recall that the above sequence decomposes, according to Spin'^ structures over Y , where 
we use a sum over all Spin*^ structures over x Hg in the fiber of Q : Spin'^(S'^ x E) — > 
Spin'^(y). If 5 is a Spin*^ structure with Ci{5) = £[PD{Tig)], then it is easy to see that 
Q{5) is the restriction to F of a Spin'' structure u over N with (ci(u), [S]) = i — n 
(compare Lemma 7.10). 

Now, by the adjunction inequality for the three-manifold 5^ x S^, (c.f. Theorem 8.1 
of [20]), HF^{S^ X Tig,s) is trivial for all Spin'^ structures with Q{s) = t: it is non-trivial 
only for those Spin'^ structures s for which Ci(s) = £[PD(Ep)] with \i\ <2g — 2 (and it is 
trivial for all Spin'^ structures whose first Chern class is not a multiple PD[Ec,]). Thus, 
the map in the long exact sequence 

/i-F+(#29(^i X S'^),io) — > HF+{Y,t) 
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is an isomorphism (of relatively graded groups). In fact, the map can be interpreted as 
a sum of maps 

{seSpin'=(VK)|s|ySt} 

where is a single two-handle addition of if^^{S^ x S"^) giving rise to Y . The term in 
this sum which shifts degree down the least corresponds to the Spin'^ structure s with 

ci(5)^ + l ^ 1 A _ (2^7 - nf 
4 4 V n 

Since the bottom-most generator of HF'^{^'^^{S^ x 5^), to) has degree —g, the result 
follows. □ 



Proof of Theorem 9.16. Suppose that Eq C CP^ violates Inequality (33). By 
adding handles locally if necessary, we can find another embedded surface E C CP^ 
(representing the same homology class) with 

— 3m = 2g{Ti). 

Let t be the Spin'^ structure over CP^ whose first Chern class is represented by —3H 
(this is the canonical class of CP^) . Then the restriction of t to a tubular neighborhood 
of E satisfies the hypotheses of Lemma 9.17, so that if Y denotes the boundary of this 
tubular neighborhood, then 

(34) d,{Y,t\Y) = -2+i^ J. 

Let W be the four-manifold with boundary obtained by deleting a tubular neighbor- 
hood of E from CP^. Indeed, according to the above lemma, HF°° of Y is standard. 
Moreover, H2{W;Q) is clearly trivial, as is the map H^{W;Q) — > H^{Y ;([}). Thus, 
Theorem 9.15 applies, and gives the inequality 

-<; = ^=^<4(y,tin 

which contradicts Equation (34). □ 
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10. Examples 

In this final section, we illustrate the intersection form results from Section 9 by 
combining them with the calculations from Section 8. In Section 10.1, we study four- 
manifolds which bound surgeries on torus knots, in Section 10.2 we exhibit a homology 

X S"^ which is not surgery on a single knot. Although some of the results contained in 
the present section have alternate proofs using more classical gauge-theoretic techniques 
(especially the first subsection, which contains some results which can be found in the 
work of [9], [2], [12]), we include the present discussion to give the reader a better 
feel for the theorems in the present paper. In the final subsection, we illustrate the 
results of Section 7, and specifically Corollary 7.5 of that section, by including a table 
containing all possible symmetric Laurent polynomials in T which can arise as Alexander 
polynomials of knots in whose +p surgery, for positive integral p < 26, gives a lens 
space. 

10.1. Intersection form bounds. Continuing notation from Section 8, we let 1^,^(0) 
denote the three-manifold obtained by zero-surgery on the right-handed (p, q) torus 
knot. 

Proposition 10.1. Let Xi be a four-manifold with 6^(Xi) = and dXi = 1^2,3(0). 
Then, the map from H^{Xi;Z) — > H^{Y;Z) is trivial and the intersection form of 
Xi is diagonalizable. Similarly, let X2 be a four-manifold with 6^(X2) = and 8X2 — 
—^,3(0). Then, if H^{X2]'Z) — > H^{Y;Z) is non-trivial, then the intersection form 
of X2 is diagonalizable. Moreover, if the map on is trivial, then if denotes the 
intersection form of X2 (onV = Im(if^(X2, Y; Z) — > H^{X2)) ), we have that 

Proof. We have seen in Section 8 that 

t^-i/2(>2,3(0)) = -l/2 and ^1/2(1^2,3(0)) = -3/2. 

Thus, the case where H^{Xi\'L) — > iJ-*^ (1^2,3(0)) is non-trivial is ruled out by Inequal- 
ity (32) (together with Elkies' theorem), while the diagonalizability of Q in the other 
case is forced by Inequality (31) (and another apphcation of Elkies' theorem). 

The correction terms for —1^2,3(0) (which we could alternatively think of as zero- 
surgery on the left-handed trefoil knot) are determined by Equation (15). The rest of 
the proposition then follows from another application of Theorem 9.11. □ 

Indeed, the inequalities obtained in the above proposition are all sharp. Let Xi 
denote four-manifold obtained by attaching a zero-framed two-handle to the four-ball 
along a right-handed trefoil. Let X2 denote the four-manifold whose Kirby calculus 
description is given in Figure 6: there is a single one-handle, and a pair of two-handles 
added with framing —1 each (along unlinked circles), so that the three circles form 
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the Borromean rings. Let X3 denote the four-manifold obtained by plumbing nine 
— 2-spheres as pictured in Figure 7. 

Now, clearly, = and dXi = 12,3(0) (and its intersection form is trivially 

diagonahzable) . Moreover, 8X2 — —12,3(0), and its intersection form is (—1) © (— 1) 
(i.e. it is negative-definite and diagonal), and the map iJ^(X2;Z) — > (1^2,3 (0) ; Z) 
is an isomorphism. Finally, the intersection form of X3 induced on V is easily seen to 
be the negative-definite form Eg. According to the inequality in the above proposition, 
this is the largest rank of any even intersection form which bounds —12,3(0). 

In fact. Proposition 10.1 admits the following generalization: 

Proposition 10.2. In the following statements, p and q can be any pair of positive, 
relatively prime integers (both greater than 1 ). 




Figure 6. Kirby calculus description for X2. This is the Kirby 
calculus description of the four-manifold X2 described above, with 8X2 — 
^2,3(0). 



Figure 7. A four-manifold which bounds zero-surgery on the 
trefoil. The manifold here (-^3) is obtained by plumbing —2 spheres: 
each vertex represents a sphere of self-intersection —2. Each edge corre- 
sponds to an intersection between spheres. This configuration is simply- 
connected, and its boundary is —12,3(0). 
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• For all natural numbers n, the manifolds —T:{p,q,pqn — 1) cannot bound a four- 
manifold X with = 0. 

• The intersection form of any four-manifold X with 62 (^) = which bounds 
E(p, q, pqn + 1) is diagonalizable. 

• IfX is a four-manifold with = and dX = Yp^q[0), then the map H^(X; Z) — 
H^{Yp^q{0)) is trivial and the intersection form of X is diagonalizable. 



Proof. First observe that if Kp^g is the {p,q) torus knot, then to{K) > 0. This 
follows from the fact that all the non-zero coefficients of the Alexander polynomial 
(Equation (26)) are ±1, and they come in alternating signs, with the top coefficient +1. 

All the above results are direct consequences of this sign, the calculations relating 
the correction terms with to (Proposition 8.1), Elkies' result, and Theorem 9.6 or 9.11 
as appropriate. □ 



10.2. On manifolds which are not surgery on a knot. We give a simple illustra- 
tion of Corollary 9.13. Consider the three- manifold YL2 given by the Kir by calculus 
description pictured in Figure 8. 

This three- manifold can alternately be given as a plumbing as in Figure 9, substituting 
in A; = -2. 

Prom the plumbing description, it is clear that Y_2 is obtained from from -L(49, 40) 
(which is the manifold obtained by leaving off the vertex labelled by k) by attaching 
a single two-handle with framing —2. Since W2 of the plumbing diagram can be rep- 
resented by the sum of the Poincare duals of the (— 7)-sphere and the (— 5)-sphere, it 
follows easily that 1^ is a spin cobordism. Let So denote the Spin'^ structure on W with 
ci(so) — 0. We claim that the map Fy^^^^ is non-trivial. This follows easily from the 
fact that the map F^^g is a summand in the map F2 belonging to a surgery long exact 



-1 




Figure 8. Kirby calculus description of ¥-2- 
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k 
• 



-1 



-3 



-5 



-7 



Figure 9. Plumbing description for Yk 



sequence: 

... ^ //F+(L(49,40)) ^ HF+{Y_2) ^ i/F+(L(49, 44)) ^ 

where L(49, 44) is the manifold which is boundary of the plumbing pictured in Figure 9 
with k — —1. Using Proposition 4.8, we see that the correction term for 1/(49, 40) in its 
spin structure is —2, and as usual one can see that the Fy^^^ decreases degree by 1/2. 
It follows that d^i/2{Y-2) < —5/2. (In fact, it follows from another glance at the above 
exact sequence that F^r^^ can have no kernel, and hence that d_i/2{Y_2) = —5/2.) 

Thus, according to Corollary 9.13, it follows that Y_2 is not obtained as the zero- 
surgery on a one-component knot in (and, indeed, that YL2 does not bound any 
homology S'^ x D^). 

10.3. Alexander polynomials of knots giving lens spaces. Results from Section 7 
(c.f. Corollary 7.5) give, for each pair of relatively prime integers (p,q), an explicitly 

calculable, finite list of symmetric polynomials in T which contains the Alexander poly- 
nomials of all knots K G with the property that Sp{K) = L{p,q). It is interesting 
to compare the with the conjecture of Berge [3]. 

This list is determined as follows. Given (p, q) , we list the correction terms d{L(p, q),i) 
and d{L{p, for i — 0, ...,p — 1, as determined in Proposition 4.8. For each multi- 
plicative generator generator h G (Z/pZ)*, and each c G l^jpL we define a corresponding 
sequence ti (indexed by integers i) by the formula 

< 2i- = I -'^^^^^ q),c + h-i) + d{L{p, 1), i) if 2\i\<p 
— ^ 1^ otherwise. 

If the numbers ti are all non-negative integers, then there is a Laurent polynomial in T 

00 

A(T) = ao + J]a,(r + r-0 

i=l 

whose coefficients are given by 

_ r ti-i - 2ti + ti+i if i ^ 
\ l + t-i-2to + ti ifi = 
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(compare Equation (1)). Let T{p. q) denote the set of all symmetric Lament polynomi- 
als obtained in this manner. In particular, observe that the number of polynomials in 
T{Pi q) is bounded by p times the number of integers integers in {1, — 1} which are 
relatively prime to p (note that this is a crude estimate, which can easily be improved, 
using the conjugation symmetry). 

It follows from Corollary 7.5 that if C S*^ is any knot with the property that 
Sp{K) = L{p, q), then its Alexander polynomial Ax appears in the list J-'{p, q). 

We include here a table of ^(p, q) for all integers p < 26. To conserve space, we do 
not display T{p, q) when either: 

• q = 1 (for then J^{p, 1) = {1}, according to Theorem 1.8), 

• J^{p, q) = 0, 

• we have already displayed T{p, q'), where q and q' are related hj q-q' = 1 (mod p), 
because in this case L(p, q') = L{p, q), so that !F{p, q) = J^{p, q'). 
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Note that in this hst, J-'{21, 16) consists of two polynomials (while all other sets 
displayed consist of a single polynomial). 

= {-l+T-i+T} 
= {-1 + T-l+T} 



J^{26, 23) 



{1 + r-2 . 

{1 + T-6 



■2T-'' +T-* + T~ 

rp — 2 rp'2 _|_ ^2^3^. 



{-3 + T-^ - 2 + 2 T" 



-2T5 +T®} 



+ 2T~^+2T-r^ + 2T''-2r^ + r^} 



{-1 + T"^ - + + T - + T^} 



— 2 rp'2 _|_ '2^3 1^ 

{-1 + - + + T - + T^} 



+ T"^ + T - 



{-1 + T-* - 

{-3 + T-^ -2T-**+T-'^ + T 

+ T + + - 2T'' + r'' + T'' 
{l + T-'' - 2T-^ + 2T-^ -T"-* +r-2 



,3 _^ 2.4| 

- 2T-'' +T- 



+ T" 



2^8 _,_2,9|. 



y4 ^2T^ - 2T^ + T^} 



{1 + r-5 + 
{i + r-^-2T-* + r- 

{1 + . 

{i + r-« 

{-1 + - + - T 



_ rp — 2 



T 

+ - T 



7 _j_ ^ — 6 rjp — 5 _|_ rjp — 3 

i4 I T-i5 



-l + T-''-7'- 

{-l + T-^ -T" 
{-1 +T-'^ -T" 
{-l + T-5 -T" 
{-5 + 2r-i2 
+2T + 2T2 - 



• + T- 



• + T- 

+ T 



-3 



'7^ -l- '7^ 'T^ -|- 'T^ ^ 

^ '7^'^ 'T'^ _j_ '7'4^ 

_j_ ^3 ^5 _j_ rpi) ^ 

-2 rp — 1 ^ '7' '7^2 'yiS 'yi4 rp^ 

; ^ ^ — ]^ -\- T -\- -\- T'^ y 

1 _|_ rp — 1 _|_ ^2 _|_ ip3 /pQ _|_ 'j^'^y 

rp2 _j_ rp3 rp4: _j_ "J^^ 



- 3T 

jn3 _ 2 7^4 _|_ 2 7^5 



4T- 



■2T-'' + 2T- 



2T-4 _ p 



-3 _|_2T-2 + 2r-i 



{i + r-8 _ 

{l + T-^ - 

{-l + T-^ 
{1 + 3T-" 

+r - 

{-l + T- 



-3 



2T~° + 2T 

^ — 5 _|_ rp — 4 rp 

p-7 ^p-4 _ p 

rp — G _|_ pi — 4 rp 



-6 



+ T- 



1 _T- 

3 _^ rp—'2 rp—1 T -\- T'^ T^^ -\- -\- 

3 _j_ rp — 1 _|_ ^ ^3 _|_ pi4: pi(j _j_ y 



■J _|_ rp — J, rp — 

rp j rpQ, 



_ T + - + - + 2 r'' - 2 + T^} 

pi4 rp5 _|_ ^6 y 



■5T- 



-13 



I p — rp — 11 _|_ rp — iU _|_ p 



-.10 



} _^p- 



2T- 



'■ +T- 



5^13 _(_3j,14-j. 



2T- 



^8 _|_ rpQ _|_ ijil 



22^11 _|_ 2^12 J. 
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